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INVERSE SOLUTION METHODS FOR IN-SITU 
CHARACTERISATION OF DAMAGE IN COMPOSITE 
STRUCTURES 
By 
Shuai He 
 
 
ABSTRACT  
Delamination damage is one of the most important damage modes in composite 
laminates, which could significantly reduce the stiffness and strength of the structure. 
Therefore, there is great interest in developing reliable damage identification and 
characterisation methods to evaluate the residual strength and provide a prognosis for 
the remaining life of the structure. This thesis presents a novel two-step approach for 
quantifying delamination damage in composite structures. In the first step, baseline-
free methods such as the gapped smoothing method and the continuous wavelet 
transform method are applied to locate the edges of the damage from vibrational 
curvature data. In the next step, the severity of delaminations in the through-thickness 
direction is determined using newly developed analytical and computational inverse 
methods. The equivalent condition between the soft inclusion model and the 
delamination model has been firstly demonstrated and manifested analytically and 
numerically. This two-step approach quantifies the stiffness reduction in the damage 
region, which is essential for managing structural safety. Practical aspects of the 
implementation of this procedure are discussed, and numerical and experimental 
validations using a scanning laser vibrometer are presented. Finally, the proposed 
two-step approach is extended from beam-like structures to plate-like structures. 
 
Contents 
IV 
 
Table of Contents 
 
ABSTRACT ............................................................................................................. III 
Chapter 1 Introduction ................................................................................................... 1 
1.1 Background .......................................................................................................... 1 
1.2 Aim of the thesis .................................................................................................. 7 
1.3 Outline of the thesis ............................................................................................. 8 
1.4 Publications .......................................................................................................... 9 
Chapter 2 Literature review ......................................................................................... 10 
2.1 Damage localization based on vibration-based methods ................................... 10 
2.1.1 Natural frequency-based methods............................................................... 10 
2.1.2 Displacement mode shape-based methods.................................................. 14 
2.1.3 Mode curvature methods............................................................................. 17 
2.2 Damage quantification ....................................................................................... 31 
2.2.1 Analytical methods ..................................................................................... 31 
2.2.2 Numerical computation methods ................................................................ 33 
2.3 Analytical and numerical models for delaminated structures ............................ 35 
2.4 Research gaps..................................................................................................... 38 
2.5 Research Methods .............................................................................................. 39 
Chapter 3 Experimental methods ................................................................................. 40 
3.1 Specimen design ................................................................................................ 40 
3.2 Experimental details........................................................................................... 43 
3.3 Experimental set-up ........................................................................................... 48 
3.4 Experimental results........................................................................................... 56 
3.5 Summary ............................................................................................................ 61 
Chapter 4 Damage detection and localization ............................................................. 62 
4.1 Baseline-free damage localization methods ....................................................... 63 
Contents 
V 
 
4.1.1 Gapped smoothing method ......................................................................... 63 
4.1.2 Wavelet transform method .......................................................................... 64 
4.2 Numerical study ................................................................................................. 65 
4.2.1 Effect of boundary condition ...................................................................... 66 
4.2.2 Effects of excitation frequency and step size .............................................. 72 
4.3 Experimental investigation ................................................................................ 79 
4.3.1 Curvature data without smoothing .............................................................. 79 
4.3.2 Data smoothing and differentiation ............................................................ 82 
4.4 Summary ............................................................................................................ 91 
Chapter 5 Analytical inverse method ........................................................................... 92 
5.1 Principle ............................................................................................................. 92 
5.2 Numerical validation .......................................................................................... 94 
5.2.1 Isotropic beam model .................................................................................. 95 
5.2.2 Composite beam model............................................................................. 102 
5.3 Experimental validation ................................................................................... 106 
5.4 Conclusion ....................................................................................................... 108 
Chapter 6 Computational inverse methods ................................................................ 109 
6.1 Structural modelling of delamination damage ................................................. 109 
6.2 Forward modelling techniques ......................................................................... 111 
6.2.1 Elastic foundation approach ...................................................................... 112 
6.2.2 Sub-structure modelling technique ........................................................... 115 
6.3 Computation inverse method using soft inclusion model ................................ 119 
6.3.1 Principle .................................................................................................... 119 
6.3.2 Forward modelling issues ......................................................................... 119 
6.3.3 Equivalence condition between soft inclusion model and delamination 
model.................................................................................................................. 122 
6.3.4 Selection of particular frequency and the sensitivity of zero crossing 
location ............................................................................................................... 133 
Contents 
VI 
 
6.3.5 Experimental validation ............................................................................ 138 
6.4 Computational inverse method using the delamination model ........................ 140 
6.4.1 Principle of the approach .......................................................................... 140 
6.4.2 Single delamination case........................................................................... 142 
6.4.3 Multiple delamination cases ..................................................................... 145 
6.5 Conclusions ...................................................................................................... 149 
Chapter 7 Extension to plate-like structures .............................................................. 151 
7.1 Theoretical principles....................................................................................... 151 
7.1.1 Background ............................................................................................... 151 
7.1.2 Step 1: Damage localization with 2D continuous wavelet transform ....... 154 
7.1.3 Step 2: Damage quantification .................................................................. 156 
7.2 Numerical example .......................................................................................... 158 
7.2.1 Numerical model description .................................................................... 158 
7.2.2 Damage localization using 2-D continuous wavelet transform ................ 160 
7.2.3 Damage quantification .............................................................................. 162 
7.3 Experimental validation ................................................................................... 164 
7.4 Conclusions ...................................................................................................... 166 
Chapter 8 Conclusions and recommendations ........................................................... 167 
8.1 Conclusions ...................................................................................................... 167 
8.2 Recommendations for future work .................................................................. 169 
References .................................................................................................................. 171 
 
List of figures 
VII 
 
List of figures    
Figure 1.1 Weight percent of composite materials used in civilian and military aircraft 
since 1960 [1] ................................................................................................................. 1 
Figure 1.2 Schematic plot of in-situ damage detection approach .................................. 3 
Figure 1.3  Multiple level of C-scan image [6] .............................................................. 4 
Figure 1.4  Flow chart for two-step approach ................................................................ 8 
Figure 2.1  Normalized frequency and delamination length for a homogeneous beam 
with mid-plane delamination [22] ................................................................................ 12 
Figure 2.2  Comparison of mode shapes between FE intact model, experimental 
baseline and experimental measurement of damaged structure [31] ........................... 16 
Figure 2.3  First bending mode shape of cantilevered beams with a delamination at 
interface 1 [33] ............................................................................................................. 17 
Figure 2.4  (a) Absolute curvature difference and (b) Absolute displacement 
difference ..................................................................................................................... 18 
Figure 2.5  Detection results based on curvature data (the red dash line indicates edges 
of delamination damage).............................................................................................. 20 
Figure 2.6  Calculation of the discontinuity index, the dashed line denotes the cubic 
function [45]................................................................................................................. 22 
Figure 2.7  Discontinuity index for the experimentally measured fundamental mode of 
a composite beam with manufactured delamination damage [46]............................... 23 
Figure 2.8  Contour plots of structural irregularity indices for (a) frequency-averaged 
structural irregularity indices and (b) mode-averaged structural irregularity indices [49]
...................................................................................................................................... 24 
Figure 2.9  Schematic plot of damage in a beam [80] ................................................. 32 
Figure 2.10  Predicted location and residual stiffness for mid-plane delamination 
damage [86] ................................................................................................................. 35 
Figure 2.11 Modelling of a beam with a single delamination [88] .............................. 36 
Figure 3.1 (a) Beam specimen ..................................................................................... 41 
Figure 3.2 Schematic plot of plate specimen ............................................................... 42 
Figure 3.3 Teflon disc on a ply surface prior to assembly ........................................... 42 
Figure 3.4 The schematic of vacuum bagging layup [103] ......................................... 43 
Figure 3.5 (a) Schematic plot of three point bending load .......................................... 44 
Figure 3.6 Delamination propagation under three point bending ................................ 45 
List of figures 
VIII 
 
Figure 3.7 Compressive stress versus extension .......................................................... 45 
Figure 3.8 C-scan image of specimen type A, B and C ............................................... 46 
Figure 3.9  Set-up of open hole shear test .................................................................... 47 
Figure 3.10 C-scan image of delaminated plate specimen .......................................... 48 
Figure 3.11  Schematic plot of experimental set up..................................................... 48 
Figure 3.12 2D alignment: (a) beam specimen (b) plate specimen ............................. 51 
Figure 3.13 Defining scanning point: (a) beam specimen (b) plate specimen ............. 53 
Figure 3.14 index for up to 50 measurements.............................................................. 54 
Figure 3.15 Signal output from the mechanical shaker ............................................... 55 
Figure 3.16 NASA short block compression test fixture ............................................. 56 
Figure 3.17 Velocity of scanning points for beam specimen....................................... 57 
Figure 3.18 Velocity of scanning points for plate specimen ....................................... 57 
Figure 3.19  Deflection profile for beam specimen type A at 4000 Hz ....................... 58 
Figure 3.20 Deflection profile for delaminated plate specimen at 2900 Hz ................ 60 
Figure 4.1  (a) Curvature profile of delaminated beam (b) Damage location index .... 63 
Figure 4.2 Comparison of wavelet coefficients at various scales ................................ 65 
Figure 4.3 Modelling of delamination damage ............................................................ 67 
Figure 4.4 Schematic plot of pure bending boundary condition .................................. 67 
Figure 4.5 (a): Comparisons between delaminated beam and undamaged beam in 
displacement distribution (b): Comparisons between delaminated beam and 
undamaged beam in curvature distribution .................................................................. 69 
Figure 4.6 Schematic plot of cantilever configuration ................................................. 69 
Figure 4.7 (a): Comparison between undamaged beam and delaminated beam (b): 
Comparison between undamaged beam and delaminated beam .................................. 71 
Figure 4.8 Discontinuity index along the beam ........................................................... 72 
Figure 4.9 Wavelet transform coefficients by using the ‘bior 2.2’ wavelet ................ 72 
Figure 4.10 Schematic plot of composite beam containing mid-plane delamination .. 73 
Figure 4.11 Displacement response over frequency range 0 to 5000 Hz .................... 74 
Figure 4.12 Normalized curvature profile and corresponding discontinuity index at 
4000 Hz ........................................................................................................................ 74 
Figure 4.13 Normalized curvature profile and corresponding discontinuity index at 
1485Hz ......................................................................................................................... 75 
Figure 4.14 Discontinuity index for various step sizes: (a) 0.5 mm (b) 1 mm (c) 2 mm 
(d) 10 mm ..................................................................................................................... 78 
List of figures 
IX 
 
Figure 4.15 Performance of gapped smoothing method for various spacing intervals 78 
Figure 4.16 Corresponding discontinuity index using directly computed curvature data
...................................................................................................................................... 81 
Figure 4.17 Curvature profile computed with SG filter with various values of m ...... 83 
Figure 4.18 (c): Discontinuity index for curvature profile computed from SG filter 
using m = 3 ................................................................................................................... 85 
Figure 4.19  Discrete wavelet decomposition process ................................................. 86 
Figure 4.20 Curvature profile computed by the first three levels of the ‘bior’ wavelet 
transform ...................................................................................................................... 87 
Figure 4.21 Discontinuity index of gapped smoothing method for curvature profile 
computed from the ‘bior 2.2’ wavelet (a) level 1 (b) level 2 (c) level 3 ...................... 88 
Figure 4.22  Signal-to-noise comparison between scale 5 and 20 ............................... 90 
Figure 5.1 Schematic plot of undamaged and damaged beam structures .................... 93 
Figure 5.2 Section cut of the beam structure ............................................................... 94 
Figure 5.3 Schematic plot of beam model ................................................................... 95 
Figure 5.4 Curvature profiles between undamaged beam and delaminated beam at 
various frequencies: (a) 550 Hz (b) 1746 Hz (c) 3686 Hz ........................................... 97 
Figure 5.5 Cross-section of beam model at x=165 mm ............................................... 98 
Figure 5.6 Shear stress distributions for undamaged beam and delaminated beam at 
various frequencies: (a) 550 Hz (b) 1746 Hz (c) 3686 Hz ......................................... 100 
Figure 5.7 The location of delamination in through thickness direction ................... 102 
Figure 5.8 Comparison of curvature profiles between undamaged beam and beam 
containing single delamination at 3800 Hz ................................................................ 103 
Figure 5.9 Stiffness reduction ratio for varying location of single delamination ...... 104 
Figure 5.10 The location of two delaminations in through thickness direction......... 105 
Figure 5.11 Comparison of curvature profiles between undamaged beam and beam 
containing two equal length delaminations at (a) 3800 Hz (b) 600 Hz ..................... 106 
Figure 5.12  Experimentally measured responses compared with numerical baseline 
model at 3800 Hz (a) Displacement profiles (b) Curvature profiles ......................... 108 
Figure 6.1 Schematic plot of delamination model and soft inclusion model: (a) 
Delamination model (b) Soft inclusion model ........................................................... 110 
Figure 6.2 Comparison between experimental measurements and the numerically 
predicted deflection profile for an undamaged specimen using traditional modelling 
techniques .................................................................................................................. 112 
List of figures 
X 
 
Figure 6.3 The FE model and boundary conditions used to represent the actual 
clamping device used in the experiment .................................................................... 113 
Figure 6.4 Comparison between experimental measurement and numerical predicted 
deflection profile for undamaged specimen using modified modelling technique at 
various excitation frequencies (a) 4 kHz (b) 6 kHz ................................................... 114 
Figure 6.5 Comparison between experimental measurement and numerically predicted 
deflection profile for specimen type B (containing mid-plane delamination) using 
modified modelling technique at 4 kHz ..................................................................... 115 
Figure 6.6 Schematic plot of sub-structure modelling technique .............................. 116 
Figure 6.7 Deflection difference between numerical model and experimental 
measurement for the undamaged specimen at 4 kHz................................................. 117 
Figure 6.8 Comparison between experimental measurement and numerically predicted 
deflection profile for the undamaged specimen using sub-structure modelling 
technique .................................................................................................................... 117 
Figure 6.9 Comparison between experimental measurement and numerically predicted 
deflection profile for specimen type B (containing mid-plane delamination) using sub-
structure modelling technique .................................................................................... 118 
Figure 6.10 Schematic representation of beam model ............................................... 120 
Figure 6.11 Comparison between soft inclusion model and delamination model for 
equivalent stiffness reduction ratio ............................................................................ 121 
Figure 6.12 Schematic representation of beam with a single delamination .............. 122 
Figure 6.13 Section cut through the delaminated beam in the damaged region ........ 123 
Figure 6.14 The face of the delamination remain planar after deformation .............. 124 
Figure 6.15 Deformation of sub-laminates in the delamination region ..................... 124 
Figure 6.16 Schematic representation of beam with delamination damage .............. 126 
Figure 6.17 Schematic representation of a beam with a single delamination subject to 
a point load and moment ............................................................................................ 129 
Figure 6.18 Curvature profile of delamination model and soft inclusion model ....... 130 
Figure 6.19 Curvature plot of the delamination model and the soft inclusion model at 
various frequencies (a) 200 Hz (b) 600 Hz  (c) 1.5 kHz ............................................ 132 
Figure 6.20 Comparison of curvature profiles and experimental results for the 
delamination model and the soft inclusion model at 4 kHz ....................................... 133 
Figure 6.21 Schematic plot of integral of moment within the delaminated region ... 134 
List of figures 
XI 
 
Figure 6.22 The changing of zero crossing location with excitation frequency for the 
intact beam and the delamination beam at various frequencies ranges: (a) 500-800 Hz 
(b) 1500-2000 Hz (c) 3200-4000 Hz ......................................................................... 136 
Figure 6.23 Curvature profiles of soft inclusion model and delamination model at 
3686 Hz ...................................................................................................................... 136 
Figure 6.24 Sensitivity of stiffness reduction ratio to the location of the zero crossing
.................................................................................................................................... 138 
Figure 6.25 Comparison of curvature profiles between the experimental measurement 
and optimization result of the soft inclusion model ................................................... 139 
Figure 6.26 Schematic plot showing (a) the experimental specimen and boundary 
conditions, and (b) the parameters used in the inverse method. ................................ 141 
Figure 6.27 Variation of deflection and curvature based cost functions vs. 
delamination depth ..................................................................................................... 143 
Figure 6.28 Variation of deflection and curvature based cost functions vs. 
delamination depth for specimen type B ................................................................... 144 
Figure 6.29 Variation of  curvature based cost functions vs. delamination depth for 
specimen type C ......................................................................................................... 145 
Figure 6.30 The through thickness locations of two various lengths delaminations . 148 
Figure 7.1 Deflection profile of a 2-D plate and the corresponding curvature profiles: 
(a) deflection profile (b) xxw (c) xyw (d) yyw  ............................................................. 152 
Figure 7.2 Values of the Krenchel efficiency factor for various fibre groupings [112]
.................................................................................................................................... 153 
Figure 7.3 Prediction of tensile modulus using efficiency factor method ................. 154 
Figure 7.4 Schematic plot of cantilever plate ............................................................ 156 
Figure 7.5 Schematic plot of the boundary condition used in the numerical model . 159 
Figure 7.6 Schematic plot of composite plate containing a square delamination: (a) 
top view of whole plate and (b) enlarged view of damage region ............................. 159 
Figure 7.7 Deflection profile of damaged plate at 8400 Hz ...................................... 160 
Figure 7.8 2-D continuous wavelet coefficients of the deflection profile (s=5): (a) 
using original deflection profile (b) using interpolated data ...................................... 161 
Figure 7.9 Curvature profiles xxw  for undamaged and damaged structures at 8.4 kHz: 
(a) undamaged structure (b) damaged structure ......................................................... 163 
Figure 7.10 Curvature profiles of undamaged and damaged structures at y=48 mm 163 
List of figures 
XII 
 
Figure 7.11 Wavelet coefficients for experimentally measured deflection data ....... 165 
Figure 7.12 Curvature profile of experimental measurement and undamaged 
numerical model......................................................................................................... 166 
 
Chapter 1 Introduction 
1 
 
 
Chapter 1 Introduction  
 
1.1 Background   
In the last few decades, aluminium was the most attractive material applied in 
aerospace structural material. Composite materials gained acceptance  30 years ago. 
Figure 1.1 shows the change of usage of composite material in last 70 years.  
 
Figure 1.1 Weight percent of composite materials used in civilian and military aircraft since 1960 
[1] 
Recently, there is a rapid increase in application of composites in aerospace industry 
since 1990s. For instance, more than a quarter of the structural mass of the recently 
released Airbus A380 is composite material and for another new types of aircrafts 
Boeing 787 and Airbus 350, the weight percentage of composite increase to 50%.  
The large increase in the use of composites in aerospace applications is due to a 
number of attractive features compared to traditional metallic materials, which 
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includes light weight, high specific strength, better corrosion resistance and durability. 
The benefit of lighter weight is more fuel efficient and environmental friendly aircraft 
thus increasing aircraft range capacity. The high strength in certain direction offers 
the potential to design the structure that the most stiffness direction withstands the 
most load.   
However, composite materials are susceptible to low velocity impact damage. They 
have low interlaminar fracture toughness and impact resistance due to the low 
ductility and strength of the thermoset polymer matrix. This makes composites 
susceptible to matrix and delamination cracking that can occur from through-
thickness applied loads, such as tool drop, bird strike and hail stone. Unlike traditional 
metallic materials, most time there might be no damage indication on the surfaces, 
which is referred to Barely Visible Impact Damage (BVID) [2]. BVID damage can 
cause up to 60% reductions of compressive strength [3], which could potentially lead 
to catastrophic failure during the operation period. Delamination, which is the 
separation between individual plies, is one of the commonly encountered damage 
modes in BVID and it can result in a significant reduction in stiffness and strength [4, 
5]. Therefore, it is motivated to develop an in-situ approach for detecting and 
localizing delamination damage and ultimately assessing the severity of damage, see 
Figure 1.2.  
Generally, damage detection methods can be classified into two categories based on 
the type of measured quantities. One is non-destructive techniques, which measure the 
shift of physical properties such as electrical conductivity, heat conduction. Normally 
this kind of method can only provide the location information of the damage. The 
other type of method is known as vibration-based methods. The basic principle is that 
existence of damage changes the mass, damping or stiffness of the structure which 
result in variation of natural frequencies, mode shapes. This type of methods gives 
mechanically related information.   
Chapter 1 Introduction 
3 
 
 
Figure 1.2 Schematic plot of in-situ damage detection approach  
Non-destructive techniques, which include X-radiography, ultrasonic testing and 
eddy-current testing etc., are commonly applied in industry to evaluate the condition 
of metallic structures. And most of these techniques are also capable to detect damage 
in composite structures.       
X-radiography is based on measuring the difference in x-ray absorption rates through 
the structure. The test structure is placed between a radiation source and a film. The 
absorption of radiography is affected by the material property and thickness of 
structures and the exposure of the film depends on the magnitude of penetrated x-ray. 
This technique is accurate and can provide detailed information of damage, such as 
cracks or delaminations, in composite structures. However, the equipment is 
expensive and large and the test component is required to remove from the structure, 
which limit the in-situ application.  
Another widely applied method is ultrasonic method. An ultrasonic transducer is used 
to collect the reflected sound waves, which contain the damage location and profile 
information. Normally water is used as couplant between the transducer and the test 
specimen. Beyond the access problem, for multiple delaminations damage it has 
‘shadow effect’, see Figure 1.3, which is a C-scan image Any damage beneath the 
largest delamination cannot be visualized. The high frequency sound wave cannot 
penetrate the nearest delamination; therefore the damage information underneath the 
delamination is not available.   
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Figure 1.3  Multiple level of C-scan image [6] 
Eddy current method uses electromagnetic induction to detect damage in metallic 
structures. The basic idea is that presence of damage causes electromagnetic 
impedance change. This technique is not suitable for composite structures because the 
epoxy material can be insulative. Another drawback is that the data interpret is 
complicated.     
Traditional non-destructive evaluation (NDE) methods, i.e., acoustic or ultrasonic 
methods, radiographs, and thermal field methods, are costly and time consuming. 
More importantly, most of them require the vicinity of damage to be known a priori 
and the damage location must be accessible for testing [7]. In order to overcome those 
shortcomings of NDE methods, vibration-based methods have been developed to 
locate the damage and furthermore evaluate the severity of damage. The existence of 
damage alters the local properties (mass, stiffness and damping) of a structure, which, 
in turn, will cause a change in modal properties (natural frequencies, mode shapes). 
During the last few decades, a vast amount of research has been conducted in 
vibration-based damage identification and substantial progress has been achieved.  
The shortcomings of current non-destructive evaluation techniques lead to the 
development of vibration-based damage localization techniques, which do not require 
the human accessibility to the structure. The response data can be acquired using 
sensors or non-contact measurement equipment so human accessibility of the 
structure is unnecessary, which is more suitable for in-situ application.  
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Vibration-based methods can be classified into various categories according to the 
measured physical properties, such as frequencies, mode shape and damping. In the 
last few decades, extensive research has been conducted to detect and locate the 
damage using natural frequencies and mode shape data.   
Natural frequencies of damaged structures are normally lower compared with 
undamaged structures. They can be acquired only from a few measurement points and 
are good indicators of the global condition of the structure. However, Salawu [8] has 
pointed out that natural frequency alone is not sufficient to locate the damage since 
damage at two different locations may cause the same reduction in natural frequencies.  
Mode shapes are more sensitive to local damage compared with natural frequencies. 
One limitation of mode shape-based method is that data are required from a large 
number of measurement points  in order to accurately locate the damage. With the 
development of full field measurement equipment, such as laser vibrometer, this 
limitation has been overcome. Regard to small damage, the second derivative of 
displacement mode shapes, i.e. curvature mode shapes, are more sensitive compared 
with displacement data, which has been reported by many researchers [9, 10].  The 
curvature mode shape-based methods can be classified into two categories. The first 
one requires information from undamaged structures as baseline data, which can come 
from either experimental measurement or numerical model. The drawback is that in 
practice the baseline data may not always be available. The other category is baseline-
free algorithms, which normally employ advanced signal processing algorithms to 
identify characteristic peaks of damaged condition.    
Gapped smoothing method [11] and wavelet transform method [12-14] are two well-
known baseline free approaches that can be applied to localize various types of 
damage in beam and plate-like composite structures. Technically, it is not correct to 
say ‘baseline free’, since a baseline is still required. However, for uniform structures, 
the baseline is the assumption that the stiffness does not vary with location. 
Significant work has been done and the viability of these approaches has been 
manifested with experimental examples. However, there is still lack of knowledge on 
the effect of measurement spatial resolution (distance between two measurement 
points) on the accuracy of damage localization results, which greatly affects the 
practical application of these methods.  
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The next stage of structure health monitoring is to evaluate the residual strength of the 
damaged structure which requires information as the severity of damage. Even though 
plenty of damage detection algorithms have been developed, most of them can only 
provide limited and qualitative information with respect to damage mode and 
distributions. There is great need to develop algorithms which can not only locate 
damage but also provide more detailed information of the extent of damage and 
damage distributions.  
The measured modal properties, i.e., natural frequencies and mode shapes, have 
physical meanings and potentially they can be used to indicate the extent of the 
damage. Assume the extent of damage is unknown parameter and one possible way to 
address the problem is to inversely solve dynamic equations using measured dynamic 
responses from the damaged structures. The inverse approach can be either analytical 
or numerical-based.  
In the literature, only Lestari et al. [15] have attempted to analytically obtain the 
extent of delamination damage in composite beams, however the damage is 
underestimated and predicted values are much less than expected values. Hence, there 
is need to develop an analytical approach which can accurately estimate the extent of 
delamination damage in beam and plate-like structures.  
The other type of inverse method requires numerical models to represent the damage 
and determine the constitutive properties in the damage region by optimization 
procedure.  For delamination damage, there are two widely applied modelling 
techniques, known as soft inclusion model [16] and delamination model. In soft 
inclusion model, the damage is modelled as an inclusion with reduced stiffness. In the 
delamination model, the delamination is modelled explicitly.   
Recently, Kim et al. [17] have applied soft inclusion model to predict the residual 
bending stiffness in delaminated region. For mid-plane delamination damage, both of 
the predicted location and magnitude are incorrect. There is still lack of understanding 
of why the soft inclusion model cannot represent delamination damage under static 
bending configuration.  
It is noted that there is no exist inverse method has tried to employ the delamination 
model to represent delamination damage. Since it is an explicit modelling technique, 
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it contains more detailed information of the delamination damage compared with soft 
inclusion model, such as the number of delaminations and the through thickness 
locations of delaminations.   
1.2 Aim of the thesis  
The ultimate objective of damage identification approaches is to provide detailed 
information of the damage, such as location, size and extent of damage, which can 
then be used as input into residual strength prediction models to assess structural 
safety and integrity. This thesis intends to explore the vibration-based method as a 
means to quantifying the severity of delamination damage in composite structures.  
The objective of the present work is to develop a two-step approach for quantifying 
the location and severity of laminar damage in beam-like structures, which then can 
be extended to plate-like structures. As shown in Figure 1.4, in the first step, 
vibration-based baseline free methods (i.e. the gapped smoothing method and the 
wavelet transform method) are employed to locate the edges of damage using 
curvature data. Then in the second step, both analytical and computational based 
inverse methods are developed to quantify the severity of damage with respect to the 
bending stiffness reduction. For the computational based inverse method, both soft 
inclusion model and delamination model will be examined and studied.   
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Figure 1.4  Flow chart for two-step approach  
1.3 Outline of the thesis   
A novel two-step approach for damage quantification was developed in this study. 
Firstly numerical models were constructed and simulated data were used to predict the 
effectiveness of proposed approach. Subsequently, experiments were performed on 
beam and plate specimens containing artificial delamination damage. Scanning laser 
vibrometer was applied to measure dynamic responses of the specimen. The 
measurement noise and imperfections in experimental set-up were taken into 
considerations. The viability of two-step approach using experimental data was also 
illustrated.     
The structure of the thesis is outlined as below. Chapter 2 of this thesis discuss the 
advantages and drawbacks of various types of vibration-based methods for damage 
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localization and quantification. Also existing analytical and numerical modelling 
techniques for delamination damage have been reviewed. The experimental set-up 
and results are concluded in Chapter 3. Chapter 4 presents numerical and 
experimental investigation of two curvature based baseline-free approaches. The 
obtained damage location information then can be used as input into the next step. In 
Chapter 5, a novel analytical inverse method is developed and the acquisition of input 
components is discussed. Chapter 6 introduces inverse methods based on numerical 
models. Two modelling techniques are considered here, soft inclusion model and 
delamination model. The equivalent condition between soft inclusion and 
delamination model is illustrated. Chapter 7 extends the presented two-step approach 
from beam-like structures to plate-like structures. Finally, Chapter 8 presents the 
conclusion.  
1.4 Publications    
The research presented in this thesis has been published in the following journal and 
conference papers:  
 He, S., L.R.F. Rose, and C.H. Wang, A numerical study to quantify 
delamination damage of composite structure using inverse method Australian 
Journal of Multi-disciplinary Engineering 2013. 10: p. 145-153. 
 He, S., L.R.F. Rose, and C.H. Wang, Inverse Methods for Quantitative 
Assessment of Delamination Damage Based on Vibrational Response. 
Structural Health Monitoring, 2014. (submitted) 
 He, S., L.R.F. Rose, and C.H. Wang, A Novel Approach for Quantitative 
Assessment of Delamination Damage Based on Vibrational Response in 
International workshop on structural health monitorning 2013: Stanford 
University 
 He, S., L.R.F. Rose, and C.H. Wang, Location and depth of delamination 
damage determined by an inverse method in 7th Australia Congress on 
Applied Mechanics 2012: University of Adelaide.  
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The structure of this review chapter is organized as follows. Section 2.1 contains 
damage localization algorithms and methods using modal properties, such as natural 
frequencies, displacement mode shape and curvature mode shape. Studies related to 
damage quantification will be presented and concluded in Section 2.2. Section 2.3 
introduces the existing analytical models of structural delamination under static and 
dynamic response. Finally, research gaps are presented.  
2.1 Damage localization based on vibration-based methods 
2.1.1 Natural frequency-based methods  
The natural frequency-based methods use the change in the resonant frequencies as an 
indication of damage. The methods are attractive since natural frequency can be easily 
and rapidly acquired experimentally and only a few data points on the structure are 
required. Such methods offer a good insight into the global condition of the structure, 
and also the cost is low. 
Effects of damage on frequency change  
Gudmundson [18] used a first order perturbation method to determine the natural 
frequency changes of a given structure resulting from geometrical changes or crack 
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damage. An explicit expression for computing resonant frequencies is given and the 
predicted eigenfrequencies  are relatively close to experimental measurement. Liang 
et al. [19] addressed the relationship between eigenfrequency changes and location 
and magnitude of crack damage for beam structures analytically with simply 
supported or cantilever boundary conditions. Morassi [20] showed the frequency 
sensitivity for a beam-like structure could be explicitly evaluated based on the 
undamaged structure using a general perturbation approach. Both Liang’s and 
Morassi’s method are only valid for small cracks, which model the crack as a 
rotational spring. Kasper et al. [21] developed the explicit expression of wavenumber 
shift and frequency shift which could be applied to deeper cracks.  But it is inaccurate 
for the lower beam mode and the beam has to be symmetric and uniform. 
Tracy and Pardoen [22] studied the effect of delamination on the first four natural 
frequencies of composite laminates. The results show that both the size and location 
of delamination significantly influence the natural frequency change. As shown in 
Figure 2.1, for delamination whose length is less than 30% of beam span, the decrease 
of the first four natural frequencies is less than 20%. Also it reveals the effect of 
delaminations is stronger when the delamination is located in the high shear force 
region. In contrast, little degradation takes place when delamination is in the high 
curvature region. 
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Figure 2.1  Normalized frequency and delamination length for a homogeneous beam with mid-
plane delamination [22] 
Paolozzi and Peroni [23] illustrated the correlation between frequency shift and the 
mode order in the numerical model. It is pointed out that the maximum frequency 
shift if  happens when the delamination size is close to the average wavelength λ of 
the mode shape. They [24] conducted their experiment on a carbon-fibre reinforced 
plastic sandwich panel with debonding damage. The experimental results validated 
the correlation between the extent of damage and the position of maximum change of 
frequencies, which could be used to evaluate the size of damage. The higher modes 
are found to be more sensitive to the smaller damage.  
Inverse methods 
To locate and size the damage by using the change of frequency, Cawley and Adams 
[25] presented a damage detection method based on sensitivity analysis of structure 
natural frequencies. It is assumed that the ratio of frequency changes in two modes is 
a function of the location of the damage only. 
( )
( )
( )
i i
j j
g r
h r
g r


                                              (2.1) 
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When the theoretically determined value i
j


 at certain position is equal to the 
experimentally measured value, the possible damage site can be located. The 
experimental results indicate the accuracy of the damage location is low and the 
magnitude of the damage is underestimated. 
Salawu [8] reviewed papers related to frequency changes and structural damage 
before 1997. In the conclusion, he suggested that natural frequency alone may not be 
sufficient to uniquely identify damage location. The reason is that cracks with similar 
crack lengths but different locations can induce the same frequency change. 
Kim and Stubb [26] proposed a frequency-based method to locate and estimate the 
size of a crack in a homogeneous beam structure. Since the crack damage or other 
geometrical changes of structure alter the natural frequencies and modal energy, a 
crack location model and crack size model are developed based on that change. In the 
crack-location model, the fractional change in the i
th
 eigenvalue and model sensitivity 
of the i
th
 modal stiffness with respect to j
th
 element are defined, respectively.  
2 2/i i iZ                                                       (2.2)                                                   
1 2
2
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ij ij i L
dx
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

                                      (2.3) 
The error index which represents localization error for i
th
 mode and j
th
 location is 
expressed as: 
1 1
iji
ij NM NM
k kjk k
FZ
e
Z F
 
 
 
                                       (2.4) 
where, NM denotes for the number of measured modes. To account for all available 
modes, the single damage indicator (DI) is defined to indicate the damage location 
2 1/2
1
[ ]
NM
j ij
i
DI e 

                                               (2.5) 
The method was validated experimentally with 16 various damage cases which 
contained four different crack location and four crack-depth levels at each location. 
Chapter 2 Literature review 
14 
 
However, in the damage localization result, the symmetrical two damage indications 
are made and the authors did not give the solution for the non-uniqueness problem. 
Valoor and Chandrashekhara [27] applied neural networks to determine the size and 
location of delaminations in laminated composite beams using only modal frequency 
data. The presented method has a non-uniqueness problem for symmetrical structures 
hence other information is required to obtain the actual solution. 
Although there is plenty of research related to frequency-based methods, they are still 
limited by the low sensitivity to small damage. As mentioned above, the changes of 
frequency due to small damage are not so obvious, which may be easily masked in 
measurement noise. The changes of frequency needs to reach 5% to confidently detect 
the existence of damage [8], and this typically corresponds to very large damage. 
Another issue is that the location of damage cannot be determined only based on 
frequency data. The drawbacks of natural frequency-based methods leads to the 
development of mode shape based methods. 
2.1.2 Displacement mode shape-based methods 
Instead of using natural frequencies, another vibrational response commonly 
employed to detect and locate damage is mode shape. Compare with frequency-based 
methods, mode shape or operating deflection shape data contain more local 
information of the structure, which makes the damage localization more direct and 
precise. One disadvantage of mode shape-based method is that a large number of 
measurement points are required. However, with advanced measurement instruments, 
such as the scanning laser vibrometer (SLV), this difficulty can be overcome by its 
capability of scanning a large number of measurement points sequentially. 
Damage localization using mode shape data normally requires knowledge of the intact 
structure as a baseline to identify the damage. The information can be derived from 
experimental test of the intact structure or from a numerical model when the actual 
test cannot be conducted. 
Rizos and Aspragathos [28] presented a crack location identification method by using 
the change in the mode shape in a cantilever beam structure. Two accelerometers are 
employed to measure the fundamental mode shape of the damaged structure and the 
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difference with the analytical solution is used to locate the crack damage. Shi et al. 
[29] extended multiple damage location assurance criterion (MDLAC) to a two-step 
method by using incomplete mode shapes and natural frequencies. In the first step, the 
damage is preliminary located by mode shape data, which has limited number of 
measurements. Furthermore, the damage is more accurately localized by frequency 
data since the noise contamination in the measurement of frequencies is less than that 
of the mode shape data. In this method, due to the limitation of number of sensors, the 
mode shape data are incomplete and also easily affected by noise, which restricts the 
application of the mode shape method. 
Parloo et al. [30] proposed a sensitivity-based technique which localized damage as 
mass or stiffness change. To the considered damage parameter Pi, the sensitivity 
matrix is given below: 
  [ ]{ }d uj j jS P                                                (2.6) 
Here,   is the mode shape vector. The method requires the mode shape for 
undamaged and damaged condition. The experiment on a clamped board and the data 
on a highway bridge are applied to validate the feasibility of proposed method. 
Lee at al. [31] demonstrated a neural networks-based technique using the mode shape 
components before and after damage to detect damage location. The effectiveness and 
applicability of the method were validated by two numerical example analyses on a 
simple beam and a multi-girder bridge. The discrepancies between the intact FE 
model and experimental measurements on the damaged structure are small and also 
generate false alarms in the undamaged region. 
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Figure 2.2  Comparison of mode shapes between FE intact model, experimental baseline and 
experimental measurement of damaged structure [31] 
Pawar et al. [32] applied spatial Fourier coefficients for damage detection and 
isolation in fixed boundary beams. The general solution of the equation of motion of 
an Euler-Bernoulli beam is  
( ) sin( ) cos( ) sinh( ) cosh( )W x A x B x C x D x                     (2.7) 
The Fourier transform of the mode shapes in spatial domain is  
 0
1
( ) cos( ) sin( )
m
i i
i
W a a i b i  

                               (2.8) 
A vector of Fourier coefficients was used as a damage index and a neural network 
was then employed to detect the damage location and size using the coefficients as 
input. The concept was validated by numerical example and the result revealed that 
Fourier coefficients were sensitive to damage size and location. 
Shen and Grady [33] studied the effect of inter-ply delaminations on natural 
frequencies and mode shapes. It was found that local delaminations do not have a 
noticeable effect on global mode shape. As shown in Figure 2.3, there are no 
significant discrepancies between the experimentally and analytically obtained mode 
shapes. 
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Figure 2.3  First bending mode shape of cantilevered beams with a delamination at interface 1 
[33] 
Abdo and Hori [34] suggested that the rotation of mode shape (first derivative) is a 
sensitive indicator of damage. A numerical example is applied to clarify the rotation 
of mode shape has better performance indicator than displacement modes, and also 
multiple damages could be localized in the plate-like structure. 
The performance of the mode shape relative difference method on experiment data is 
poor, especially when there are not sufficient measurement points [35, 36]. Small 
damage does not cause obvious change in mode shape data [37], which makes it 
difficult to locate the damage as well. Therefore, there is great need for another source 
of data which is more sensitive and intuitive to small damage. 
2.1.3 Mode curvature methods 
It was noticed that mode curvature [10], which is the second derivative of mode shape, 
is more sensitive to small damage. In this section, the relative difference method, 
which normally require reference data, and signal process methods (Gapped 
smoothing method, Wavelet transform method), which do not require baseline data, 
will be covered. The modal strain energy-based methods are also involved as they are 
closely related to curvature-based methods. 
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Relative difference method  
Pandey et al. [10] firstly investigated curvature mode shapes as a new parameter for 
identifying and locating damage in structures. The curvature data are calculated using 
a central difference approximation method as: 
2
1 1( 2 ) /i i i iw w w w h                                               (2.9) 
and the damage index is defined as the absolute difference between the curvature 
mode shape for damaged structure and undamaged structure 
( ) ( )i i undamaged i damagedw w                                             (2.10) 
It is found that the changes in the curvature mode shapes between the intact structure 
and the damaged structure are localized in the damage region. On the other hand, the 
changes of mode shape data are not absolutely located in the damage region, as shown 
in Figure 2.4. Thus curvature data are a better indicator than mode shape data in 
locating damage. The simulated data for a cantilever and a simply supported beam 
were used to demonstrate the applicability of the method.  
 
(a)                                                               (b) 
Figure 2.4  (a) Absolute curvature difference and (b) Absolute displacement difference 
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Salawu and Williams [35] compared the performance of curvature mode methods and 
mode shape methods with simulated data in a beam structure. The damage indicator is 
the absolute difference between the undamaged structure and the damaged structure. 
The results showed that curvature mode shape methods were more effective and were 
able to locate multiple damage locations.  
However, Wahab and Roeck [38] pointed out one problem of the absolute difference 
method was the damage indicator in curvature mode shape showed not only one peak 
at the damage location, but also several small peaks in the undamaged region, which 
might cause false alarms. In order to alleviate this problem, they introduced a 
‘curvature damage factor’: 
1
1 N
undamaged damaged
n
CDF w w
N 
                                      (2.11) 
The purpose of the formulation is basically calculating the average of damage 
indicators in several modes. The method was used to locate multiple damage locations 
in a continuous beam and the indications were clearer than the original method.  
In the Euler-Bernoulli beam theory, the axial surface strain has proportional 
relationship with the curvature of the beam  
w z                                                            (2.12) 
Therefore, the curvature mode shape method can be extended to strain mode shapes.  
Swamidas and Chen [39] presented a crack detection method using strain-based mode 
shape difference. It is found that the local strain FRFs and strain mode shapes are very 
sensitive to the crack in the plate structure. The direct difference in the strain mode 
shape can be used to locate the crack damage and also predict the depth of crack with 
first few lower modes data. 
Zhou et al. [40] implemented vibration-based damage detection methods into a 
laboratory based experimental study. They claimed that the damage could be detected 
within the distance between two measurement points and increasing number of 
measurement points led to a proportional improvement in localization resolution for 
curvature-based methods. 
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Hamey et al. [41] compared the performance of four types of damage detection 
algorithms with several possible damage configurations, in which piezoelectric 
sensors were used to acquire curvature mode shapes (strain mode shapes) in 
composite beam structures. The experimental results have poor quality due to the 
limitation of the number of measurement points. They concluded that one large 
delamination might be identified by two peaks at the edges of the delamination in 
damage index plot, see Figure 2.5, and damage index method (DIM) [42, 43] isolated 
damage better than other methods. 
 
Figure 2.5  Detection results based on curvature data (the red dash line indicates edges of 
delamination damage) 
Lestari and Qiao [44] developed a damage assessment procedure for full-size FRP 
honeycomb sandwich structures based on curvature mode shape data. In the damage 
identification part, they compared curvature damage factor (CDF) with the damage 
index method and with experimental results. The CDF showed a more pronounced 
peak at the location of damage. The method was then applied to detect several 
different types of damage in composite beams [15]. Both CDF and DIM cannot give 
clear indications of delamination damage when damage is close to the fixed boundary. 
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In short, the relative difference method requires baseline data of undamaged structures 
or undamaged conditions, which might not be available in practice. Another inherent 
disadvantage is that at higher modes, there will be unexpected peaks appear in the 
undamaged regions, which may lead to false alarm.  
Baseline free curvature mode shape methods  
In most practical cases or in-situ cases, there are no baseline data from an undamaged 
structure available. The lack of intact structure information also increases the 
difficulty in establishing an accurate undamaged numerical model, which requires re-
construction of the intact structure boundary condition. Hence, there is an increasing 
need on developing baseline free methods, which only require information from 
damage structures.  
Gapped smoothing method 
Ratcliffe [45] developed a gapped smoothing method to localize structural damage. 
The existence of damage results in irregularities in the curvature profile, which can be 
used as damage indices. The gapped smoothing method fits a gapped cubic 
polynomial to the modal curvature function, which has form: 
2 3
0 1 2 3i i ip p x p x p x                                                (2.13) 
where p0, p1, p2, p3 are the coefficients determined by fitting curvature data 2iw  , 1iw  , 
1iw   and 2iw   of the damaged structure. Then the damage index for i
th
 measurement 
point is  
2 3 2
0 1 2 3( )i i i i ip p x p x p x w                                   (2.14) 
here, the iw  are the measured curvature data. 
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Figure 2.6  Calculation of the discontinuity index, the dashed line denotes the cubic function [45]  
The method was validated by a laboratory experiment on a slotted steel beam under 
free-free boundary condition. Also Ratcliffe suggested that the presented method had 
better performance in fundamental modes. 
Ratcliffe and Bagaria [46] then successfully applied the gap smoothing method to 
detect delamination damage in a composite beam. The damage index i  was 
calculated along the beam and the high peaks in the damage region indicated the 
location of damage. Both numerical and experimental studies have been conducted to 
validate the effectiveness of the method. 
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Figure 2.7  Discontinuity index for the experimentally measured fundamental mode of a 
composite beam with manufactured delamination damage [46] 
Later, Ratcliffe [9, 47] extended the gapped smoothing method (GSM) to broadband 
operating deflection shape curvature. The broadband data have advantages such as 
improved accuracy and high sensitivity compared with modal methods. Moreover, 
modal analysis becomes unnecessary.  
Yoon et al. [48] extended the one-dimensional gapped smoothing method for beam-
like structures into a two-dimensional gapped smoothing method for plate-like 
structures. The method could be used to locate the regions where the stiffness varies. 
The curvature operating deflection shape is expressed as  
2 2 2
, 1, 1, , , 1 , 1 ,( 2 ) / ( 2 ) /i j i j i j i j x i j i j i j yh h                            (2.15) 
Surface fit is used to compute the smoothed curvature value, which are based on the 
neighbouring points. The formula is express as 
, , ,
ˆT
i j i j i jC g                                                            (2.16) 
The structural irregularity index is defined 
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2
, , ,i j i j i jC                                                       (2.17) 
The method was validated experimentally in composite plates by detecting single and 
multiple delamination damage. Also the results showed that the operating curvature 
data had superior performance than mode shapes. Figure 2.8 showed an experimental 
result of a composite hull structure with dry spot damage. 
 
Figure 2.8  Contour plots of structural irregularity indices for (a) frequency-averaged structural 
irregularity indices and (b) mode-averaged structural irregularity indices [49] 
Yoon et al. [50] expanded GSM for locating damage in beam structures by 
introducing a ‘globally optimized smooth shape’ with an analytic mode shape 
function. For the beam with free boundary conditions, the analytical mode shape 
function is defined as: 
( ) (cos cosh ) (sin sinh )a x A x x B x x                          (2.18) 
the parameters A, B and β are estimated by using a non-linear data fitting method with 
the mode shape data from damaged structure ( u ). The damage index is summed by 
normalizing the curvature peak value to increase the damage detection ability  
1
1
max( )
M
d a
i
d aM
 

 
 

 
                                            (2.19) 
M is the total number of considered modes. 
The performance of the method was evaluated by numerical modelling of notched 
beam structures and both narrow damage and wide damage, both of which were 
located successfully. Recently, Yoon et al. [49] carried out experiments on notched 
beams to validate the efficiency of global fitting method (GFM). They suggested that 
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signal-to-noise ratio (SNR) could be used as a measure to select the optimum grid 
spacing. 
Yoon et al. [51] applied global fitting methods to the operating deflection shape (ODS) 
derived from the experimental frequency response function. ODSs are obtained  by 
taking the values of FRF along the grid points at every frequency regardless of 
resonance, which has better accuracy than mode shape data. The averaged structural 
irregularity index is defined as  
1
( ) ( )
f
i
A
i iw
N
 
 
   


                                               (2.20) 
A statistical-based outlier detection method is used to enhance the detectability of 
GFM. Also the performance of GFM is compared with GSM and DSM [52] and the 
author claimed GFM showed improved results. The results of GSM are also 
reasonably good except when influenced by boundary effects. GFM was expanded to 
X and Y directions in order to be applied to plate-like structures. 
Wavelet transform method 
Wavelet transform has been widely applied in signal processing field to detect 
singularities decades ago. Recently, it attracted a lot of interest in structural health 
monitoring since it has the inherent advantages in differentiation, de-noising and 
multi-resolution analysis. 
A wavelet is a function with a zero average  
( ) 0x dx


                                                   (2.21) 
And wavelet transform is the convolution between wavelet function and input signal  
1
( , ) ( ) ( )
x x
W x s w x dx
ss




                                 (2.22) 
Newland [53-55] firstly realized the potential application of the wavelet transform in 
vibration signal analysis. One significant advantage of wavelet transform compared 
with Fourier transform, another popular signal process method, is that wavelet 
transforms break down the signal into a series of functions, thus the location 
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information can be recorded. By contrast, the location information is lost when 
Fourier transforms are used. 
Wang and McFadden [56] applied wavelet transform to the time domain data from an 
actual gear box. The result indicated the gear damage could be related to the time 
versus wavelet scale plot. Liew and Wang [57] firstly attempted to apply wavelet 
theory in the space domain to detect the crack damage in beam structures. The small 
change caused by crack damage is not obvious enough to be detected by natural 
frequencies and mode shape. A numerical example showed that wavelet coefficient 
provided better indication than those indicators. 
Wang and Deng [58] presented a damage detection technique based on wavelet 
analysis of spatially distributed structure measurements. Numerical models were 
developed to validate the feasibility of the method. The simplest wavelet, ‘haar’ 
wavelet, is employed to detect the crack in a beam structure in both static and 
dynamic loading conditions. The results suggested that the wavelet technique could 
locate the damage without baseline information or prior knowledge of material 
properties and or the stress state of the structure.  
Quek et al. [59] carried out sensitivity analysis of crack detection in a beam structure 
using wavelet transforms. The numerical model generated displacement profile which 
was used for damage detection, and potentially curvature data could be applied as 
well. The authors concluded that wavelet transforms were not sensitive to boundary 
conditions and the scale of the wavelet should depend on the singularity of the crack.  
Hong et al. [60] applied continuous wavelet transform with Mexican hat wavelet to 
estimate the Lipschitz exponent, which was shown to correlated with the damage 
location and magnitude. In particular, the damage size was reported to correlate with 
the magnitude of the Lipschitz exponent. However, the correlation is sensitive to both 
sampling distance and noise, resulting in limited prediction accuracy. Also the authors 
further pointed out that the minimum number of vanishing moments in the application 
of discrete wavelet was based on the Lipschitz exponent for the damaged beam. 
There are a number of numerical studies which showed that the discrete wavelet 
transform (DWT) method could successfully locate multiple crack damage in beam-
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like structures (Chang and Chen [61], Douka et al. [13]) and plate-like structures 
(Change and Chen [62], Douka et al.[63]). 
Gentile and Messina [64] conducted a comprehensive investigation of the application 
of continuous wavelet transform (CWT) for damage detection in beam structures. 
They clarified that the CWT contained multiple mathematical features: derivatives, 
convolution and appropriate smoothing of noisy data. The number of vanishing 
moments for a certain wavelet is correlated to the order of the derivative. For the 
noisy data, the fine scale of CWT contains all the high frequency noise, which can 
mask the existence of damage indication; on the other hand, large scales lose the 
detailed information. Thus there is a trade-off in selecting proper scales. Furthermore, 
there is no obvious evidence showing either fundamental modes or higher modes are 
superior in detecting the damage. Gaussian wavelets have natural difficulty in 
processing a small number of sampling points, in the actual experimental data, a 
relatively high density of sampling points are required.  
Zhong and Oyadiji [65] proposed a crack localization method in a simply supported 
beam using stationary wavelet transform (SWT). The mode shape of the damaged 
beam is cut into two parts, left segment and right segment. Those two  data sets are 
then processed by stationary wavelet transform and the difference between the detail 
coefficients is used as a damage indicator to locate a crack-like damage. Numerical 
examples were conducted to prove the feasibility of the method, and to examine the 
effects of crack depth, width, location and sampling distance. The larger sampling 
distance can result in a smaller difference in detail coefficients. The noise effect was 
also shown to works satisfactorily in the presence of noise up to 5%. One limitation of 
the method is that it cannot differentiate the damage location from those two data sets.  
Cao and Qiao [66] presented an integrated wavelet transform analysis, which is the 
combination of stationary wavelet transform (SWT) and continuous wavelet 
transform (CWT), for the purpose of improving the robustness of abnormality 
analysis of mode shapes in damage detection. The SWT is firstly utilized to extract 
the purer damage information by reducing the effect of random noise and regular 
interferences. After that, the CWT is applied to reveal irregularities from the extracted 
damage information. The selection of a suitable wavelet is discussed in the aspects of 
orthogonality, symmetry, property of smoothness function etc. In the end, the method 
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is evaluated based on the numerical data and experimental data, which show that the 
proposed method could identify damage in a relatively low signal to noise ratio 
environment. 
Rucka and Wilde [67] extended the application of CWT in damage detection from 
beam-like structures to plate-like structures. The one dimensional wavelet is extended 
into two dimensions and two wavelets are defined as partial derivatives in horizontal 
and vertical directions 
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Then the coefficients along the horizontal ( 1W ) and vertical directions ( 2W ) are 
combined together to obtain the modulus of the wavelet transform, which is shown as  
2 2
1 2( , , ) ( , , ) ( , , )Mf u v s W f u v s W f u v s                         (2.24) 
The method was validated by locating the cut-out damage in a steel plate. The fixed 
boundary condition was applied to the plate structure and the fundamental mode 
shape was acquired from pulse load condition. The local maxima in the modulus of 
wavelet transform were used to identify the location of damage. 
Fan and Qiao [14] demonstrated a 2D Continuous wavelet transform (CWT)-based 
damage detection algorithm using ‘Dergauss2d’ wavelet. The formulation of the 2D 
wavelet is based on the work of Antoine et al. [68]. The derivative of displacement is 
more sensitive with respect to indicating damage location [48]. The property of 
convolution is employed in the following formula; the derivative of the displacement 
is replaced by the derivative of ‘Gauss’ wavelet. ‘Dergauss2d’ wavelet is the 2D 
multiple derivative of ‘gauss’ wavelet, which can differentiate and smooth the mode 
shape data simultaneously. The algorithm was applied to numerical mode shapes of 
cantilever plates and both location and profile of delamination damage are indicated 
by the wavelet coefficient. A comparative study with two other damage detection 
methods, i.e., the 2D gapped smoothing method and the 2D strain energy method was 
conducted as well. The result illustrates that 2D CWT is superior in noise immunity 
and effective with coarse sensor spacing. 
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Recently, Xu et al. [69] applied directional 2D Gaussian wavelet transforms to locate 
a notch damage which has a cross shape in homogeneous plate structures. The 2D 
directional Gaussian wavelets can be expressed as  
, ,
, , ,
1 cos sin sin cos
( , ) ( , )m n m nu v s
x y u x y v
g x y g
s s s

       
       (2.25) 
The plate was excited at an arbitrary chosen harmonic frequency and operating 
deflection shape data were measured by a scanning laser vibrometer. Compared with 
traditional wavelet transforms, the 2D direction Gaussian wavelets show advantages 
in characterizing directional features of damage. 
Amaravadi et al. [70] applied wavelet transform to curvature mode shape for damage 
detection. The mode shapes were double differentiated using central difference 
approximation to obtain the curvature mode shape. Then wavelet transforms were 
used to detect the singularity in the curvature mode shape and then a threshold 
wavelet map was constructed. A laser vibrometer was used to collect experimental 
data and the location of damage was reasonably accurate in the wavelet map. Kim et 
al. [71] applied the ‘Haar’ wavelet transform to curvature mode shape data to locate 
and size damage. With small damage assumption and ‘Haar’ wavelet transformation, 
the damage mechanism gave a set of linear algebraic equations. With the aid of 
singular value decomposition, the singularities in the damage mechanism were 
discarded. Then the desired damage index was reconstructed using pseudo-inverse 
solution. The performance of the proposed method was compared with the MSC 
method [10] and DIM [72] for an axially loaded beam. The proposed method showed 
advantages in quantifying the severity of the damage. Field study was also conducted 
on a road bridge to examine the method. It has been anticipated that the method still 
has two main drawbacks, i.e., dense measurement points and accurate mode shape.  
In summary, both gapped smoothing method and wavelet transform methods have 
shown good performance in damage detection and localization in beam and plate-like 
structures. They have great potential in the application of in-situ damage 
characterization approach.   
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Modal strain energy-based method 
Another commonly used damage identification method worth to mention is the modal 
strain energy method, which uses the strain energy change as a damage indicator for 
structural health monitoring. Since modal strain energy can be derived from the 
curvature of the mode shape, the modal strain-based method can be treated as another 
kind of curvature-based method.  
Stubbs and Kim [72-74] developed a damage detection method using modal strain 
energy. It is assumed that the mode shape in the undamaged region changes very little 
when the structure is damaged elsewhere. For both damaged and undamaged modes, 
the bending stiffness along the beam is assumed to be constant over the length of the 
beam. The damage index is defined as 
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where ijF  and ijF
  are the fractional strain energy of undamaged and damaged beam 
for i
th
 mode at sub-region j; i and i

are the curvature mode shapes of the 
undamaged and damaged beam for the i
th
 mode respectively and m is the number of 
measured bending modes. 
Then statistical criteria are applied to the damage index j in order to enhance the 
confidence for damage localization. The normalized indicator is given by  
( ) /j jZ                                                  (2.27) 
in which   and  denote the mean value and standard deviation of   respectively. 
After a specific value is set for jZ , the decision as to whether the structure is 
damaged or not can be made. 
Cornwell et al. [75] extended the 1D strain energy method [72] to plate-like structures. 
This method requires mode shapes before and after damage, but the modes need not 
be mass-normalized and only a few modes are required. The algorithm was found to 
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be effective in locating areas with stiffness reduction of  10% using relative few 
modes. 
Qiao et al. [76] did a comparative study on four baseline free methods, i.e., ULS [77], 
GSM [9], SEM [75] and GFD [78, 79], using data from both a surface bonded 
piezoelectric sensor system and a scanning laser vibrometer system. For the numerical 
data, GSM and SEM show better accuracy and efficiency than GFD, although all 
damage detection algorithms are able to detect the damage. The damage index for the 
data measured from piezoelectric sensor system is relatively smooth for all damage 
detection algorithms, because of the limited number of sensors. For the scanning laser 
vibrometer system, more noticeable peaks are obtained in the damage area due to the 
high density of measured points. However, more peaks and irregularities are also 
observed away from the damage region because of higher noise levels. 
In summary, the modal strain energy method and curvature mode shape-based 
methods are essentially the same since both of them use the change of curvature as 
damage indicator. In order to increase the signal strength, modal strain energy method 
utilises the square of curvature. However, if the noise effect is taken into 
consideration, the noise level will also increase. So the signal to noise ratio does not 
improve in practical applications.  
2.2 Damage quantification  
Few studies have been conducted to quantify the extent of the damage using 
vibration-based methods. In this section, these related studies have been classified 
into two categories: analytical methods and numerical inverse methods. 
2.2.1 Analytical methods 
Lestari and Hanagud [80] developed differential equations to describe the relationship 
between the damage information and the changes in structural dynamic characteristics, 
which could be applied to locate and quantify the damage simultaneously. 
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Figure 2.9  Schematic plot of damage in a beam [80] 
For beam structures, the damage effect is modelled as a reduction in stiffness  
0 1 2[1 ( ) ( )]dEI EI H x x H x x                                 (2.28) 
As shown in Figure 2.9, 2 1x x x   . Using the first order perturbation, the curvature 
mode shape for the damaged structure is written as 
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And the change of curvature modes is expressed as  
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Lestari and Qiao [44] applied this approach to detect and quantify core-faceplate 
debonding and core crushing damage in honeycomb sandwich beams. Lestari et al. 
[15] implement the approach to carbon/epoxy beams which contained several 
different damage types (impact, delamination and saw-cut damages). Two excitation 
sources (impulse hammer and sweep sine wave) were evaluated and piezoelectric 
sensors were used to measure the curvature data in the experiment. One major 
problem with this approach is that the predicted stiffness loss is much lower than the 
actual stiffness loss. In the experimental example, the stiffness loss predicted for 
delamination damage is 15.2% while the actual stiffness loss has reached 56%. 
x2 
x1 
ε 
∆x 
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Dixit and Hanagud [81] took mass reduction into consideration and modified the 
perturbation approach. Sharma et al. [82] extended the perturbation method to plate-
like structures. The strain energy method based on curvature modes is used to identify 
the damage and the analytical expression of curvature modes can be applied to 
evaluate the level of damage. The method was validated numerically with an 
aluminium plate model that contained notch and line defects. Dixit and Hanagud [83] 
presented the strain energy expression using mode shapes and natural frequencies of 
the damaged beam in order to obtain the damage location and magnitude. The 
improvement compared with previous algorithms is that both reduction in stiffness 
and mass are taken into consideration, which allow the inconsistency in bending 
stiffness in the damaged region to be modelled. Numerical results revealed the 
sensitivity of damage measurements depended on the number of modes, thus 
cumulative damage was measured to improve the performance of the presented 
method. The location of damage was detected in the experimental results while the 
magnitude was lost due to the measurement noise.  
2.2.2 Numerical computation methods 
The idea of computational inverse methods is based on iteratively searching unknown 
parameters in a numerical model to achieve a good match between numerical 
predictions and experimental measurements. Normally, the damage is modelled as 
stiffness reduction in damaged region thus in the numerical model the decrease of 
modulus is required to be determined. 
Sztefek and Olsson [84] illustrated an inverse method to determine the constitutive 
properties of impact damage zones in composites by matching FE models to 
displacement fields measured optically during post-impact loading. The quality of 
match in the displacement fields is evaluated by the cost function which has the form 
exp exp2 2
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                            (2.31) 
The method is firstly validated using a numerical example to show its robustness and 
noise immunity. The damaged region is divided into four concentric rings and the 
inverse method is able to determine the Young’s modulus and Poisson’s ratio for each 
damaged area. After that the method is applied to tensile tests on a number of 
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impacted laminates with various thickness and impact energies. Limited by the test 
conditions, the reduction of tensile modulus is caused by fibre fracture instead of 
delamination damage. 
Sztefek and Olsson [85] extended the method into compression loading condition to 
evaluate the compressive stiffness in the damage region. Under tensile load, the strain 
concentration is predominately due to fibre breakage while in compression, the local 
buckling due to delaminations dominate the strain distribution. Since the measured 
displacement or strain data in the damaged region can only represent the behaviour of 
a sub-laminate, a uniform degradation in material properties is used to describe the 
decreasing stiffness. The decrease in material properties is primarily due to increasing 
local buckling. 
Kim et al [86] firstly illustrated the application of virtual fields method in 
identification of the local stiffness reduction of a damaged composite plate. The 
virtual fields method is based on the equilibrium equation of the principle of virtual 
work, which has the formula below 
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An optical deflectometry technique is used as a full-field measurement technique to 
provide the input information for VFM. The static bending configuration is used in 
both numerical and experimental validation. In the experimental stiffness distribution 
map, the damage is approximately located but there exists a false indication. After 
that, the authors [17] explored the feasibility of VFM in local stiffness reduction for 
intralaminar damage and interlaminar damage. The method is validated on numerical 
data as well as experimental results. For the intralaminar damage, such as near surface 
delamination damage or matrix cracking, which is modelled using soft inclusion 
models, VFM can successfully locate the damage region and determine the stiffness 
reduction. However, when it is applied to mid-plane delamination damage, both the 
location and severity of the damage obtained from VFM are incorrect. The predicted 
residual stiffness (70% to 120%) is much higher than actual remaining stiffness (25%), 
see Figure 2.10. The authors compared the stress distribution for mid-plane 
delamination damage and the damage due to material degradation and they concluded 
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that there is an abnormal stress distribution for mid-plane delamination damage, so 
this method has significant deficiencies. 
 
Figure 2.10  Predicted location and residual stiffness for mid-plane delamination damage [86] 
2.3 Analytical and numerical models for delaminated 
structures 
Before implementing inverse methods to predict the residual stiffness of delamination 
damage, it is necessary to make sure the forward model can accurately capture the 
dynamic behaviour of structures containing delaminations. A considerable amount of 
research has been conducted to study delamination in composite structures 
analytically and numerically. Thus in this section, the benefits and drawbacks of those 
approaches will be discussed. 
Wang et al. [87] presented an analytical solution for split beams based on Euler-
Bernoulli beam theory, which was known as the ‘free mode’ method. In the split 
region, they assumed that those two split beams could move ‘freely’ without touching 
each other and have different transverse displacements. The coupling between 
longitudinal and flexural motion in the delaminated plies, caused by the change of the 
reference axis of the split beam relative to the undamaged structure, was taken into 
account. The experimental results showed the predicted frequency values were fairly 
accurate for short and mid-plane delamination. But obviously the free penetration 
assumption is not correct physically. Later, Mujumdar and Suryanarayan [88] 
Actual residual stiffness is 
close to 0.25 
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proposed a ‘constrained mode’ method, in which the delaminated layers were forced 
to have identical deformation. The continuity conditions for transverse displacements, 
slopes, bending moments and shear forces at the delamination junctions, as well as the 
continuity of axial forces and displacements, are considered, see Figure 2.11. 
The analytically predicted values have a good match with the experimentally 
measured frequencies. The similar ‘constrained mode’ methods were illustrated by 
Shu and Fan [89] for bi-material split beams and Hu and Hwu [90] for composite 
sandwich beams. Tracy and Pardoen [22] then applied the ‘constrained mode’ method 
to study the effect of delamination on the natural frequency on a simply supported 
composite beam. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.11 Modelling of a beam with a single delamination [88] 
 
Shen and Grady [91] pointed out that the ‘constrained mode’ method could not be 
applied to predict the opening in the mode shapes found in the experiment, when the 
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delamination is under compression loading. They proposed an analytical model based 
on cracked beam theories derived from the Timoshenko beam theory and general 
kinematic assumptions. Two mathematical models are compared in their study: one 
uses a ‘constrained mode’ and accounts the coupling effect and the other model uses a 
‘free mode’ and neglects the coupling effect. In turns out that the coupling effect 
plays an important role in affecting the modes of vibration. The location of 
delamination significantly affects the predicted natural frequency results. For near 
surface delamination, the ‘free mode’ is more accurate.  
To overcome the opening problem, Luo and Hanagud [92] modelled the delaminated 
sub-laminates as distributed soft springs. They concluded that when the delamination 
was large and close to the beam surface, the response of the delaminated beam was a 
combination of the ‘free mode’ and ‘constrained mode’ models.  
Shu and Della [93-96] did a comprehensive study on the case of multiple 
delaminations and presented analytical solutions for composite beams with double 
delaminations and multiple delaminations (non-overlapping and overlapping). The 
beam is treated as several connected Euler-Bernoulli beams and the continuity 
conditions and equilibrium conditions are satisfied at the connected region. The 
results show that the ‘free mode’ and ‘constrained mode’ can provide lower and upper 
bounds of the natural frequencies of the delaminated beam. Also Della and Shu [97] 
did a comprehensive review on analytical models and numerical models related to 
delaminated composite laminates and discussed the influence of delaminations on 
natural frequencies and mode shapes.  
There has been significant progress for numerical modelling techniques for 
delamination damage in the last two decades. Campanelli and Engblom [98] 
developed a two-dimensional plate model for composite plates containing 
delamination damage. In the delamination region, there are two layers elements which 
are connected by springs. The model was improved by Zak et al. [99] by considering 
the contact force in the delamination region.  
Tenek et al. [100] developed three dimensional model for delamination damage with 
eight nodes brick elements. At the delamination interface, there are two sets of nodes 
which belong to two different layers. The delamination is assumed to be infinite thin 
and these two sets of nodes can vibrate freely. Yam et al. [101] modified the model by 
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apply contact property at the delamination interface, which could prevent the 
penetration of adjacent elements. This model was then validated by Wei et al [102] 
with experimental data.  
2.4 Research gaps 
Previous studies using either mode shape data or curvature mode shape data, such as 
gapped smoothing method [11] and wavelet transform method [14, 66]  have shown 
their capacity in locating damage. However, in practice, the spatial resolution 
(distance between measurement points or sensors), which can significantly affect the 
accuracy of the detection results, has not been systematically studies.  
Another major issue is that the damage indicators used by gapped smoothing methods 
and wavelet coefficients are correlated with the irregularities of the measured data 
(displacement or curvature), which do not have any physical significance. In other 
words, the value of damage index does not correspond to the magnitude of the 
damage. Only a few studies have attempted to quantify the severity of the damage in 
composite structures. Lestari et al. [44, 80] presented a perturbation approach, in 
which the damage is represented by a region of reduced bending stiffness. However 
the calculated stiffness loss is much lower than expected values. Kim et al. [17] have 
developed an orthotropic plate model in which damage is again characterised by 
reduced values of bending stiffness components. In this case, the modelling of mid-
plane delamination damage simply by a reduction in local stiffness produces a 
significantly different curvature distribution when compared with the actual 
experimental measurements. The limitation and viability of this modelling technique 
has not been solved yet. Sztefek and Olsson [84, 85] have recently presented an 
inverse approach for reconstructing the constitutive properties of impact damaged 
plates, based on determining the constitutive properties of a suitable FE model that 
provide the best match to the full-field strain data and they obtained experimentally 
under increasing tensile or compressive load. In particular, for the compression case, 
they determined an apparently nonlinear compressive stiffness, but they did not 
provide an explanation for this observation. 
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2.5 Research Methods 
In order to address aforementioned research gaps, the following research methods are 
going to be conducted:  
Vibration tests will be conducted for beam-like and plate-like composite structures to 
obtained operating deflection shapes.  
Damage detection and localization methods will be introduced and examined.    
Analytical inverse method will be developed to quantify delamination damage. 
Computation inverse methods based on various modelling techniques will be 
developed and analysed.  
The two-step approach developed for beam-like structures will be extended to plate-
like structure.  
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An experimental investigation to detect embedded delamination damage in composite 
beam-like and plate-like structures using a scanning laser vibrometer is presented in 
this chapter. Beam specimens containing both single and multiple artificial 
delaminations and plate specimens containing circle shape delamination damage have 
been manufactured. To ensure delamination from the Teflon insert, specimens were 
subjected to mechanical loading prior to vibration tests. The details of experimental 
set-up and settings used in the scanning laser vibrometer are presented in Section 3.1. 
The experimental results for both beam and plate structures are presented in Section 
3.2.   
3.1 Specimen design  
Beam specimens  
Beam specimens, shown in Figure 3.1 (a), had a [0, 90]4s lay-up with dimensions of 
280×20×3.36 mm. Delaminations were introduced in some specimens by inserting 60 
micron thick Teflon films  during the fabrication. These films were 30 mm long and 
spanned the full width of the beam, as indicated schematically in Figure 3.1(b). 
In this study, four types of carbon/epoxy laminated composite beam specimens (type 
A, B C and D) were manufactured. The first type of specimen (type A) was the 
undamaged beam. The second type of specimen (type B) contained a single 
delamination which was located at the mid-plane and another specimen (type C) also 
contained a single delamination which was located at the 4
th
 interface from the top 
surface. The last type of specimen (type D) contained two equal length delaminations 
which were at the 2
nd
 and 4
th
 interfaces from the top surface. 
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Figure 3.1 (a) Beam specimen 
  
 
 
 
(a) 
 
 
 
(b) 
 
 
 
 
(c) 
Figure 3.1 (b): Schematic plots of three types of beam specimens containing delamination 
damage: (a) mid-plane delamination, (b) delamination located at the 4
th
 ply interface and (c) two 
equal length delaminations at 2
nd
 and 4
th
 interfaces  
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Plate specimens  
The plate specimens had a dimension of 140×280×3.36 mm, with a stacking sequence 
[0,90]4s, as shown in Figure 3.2. 
Two types of plate specimens were manufactured. One was the undamaged specimen 
and the other one contained a circular mid-plane delamination, referring to Figure 3.3. 
Two layers of Teflon films were embedded into the mid-plane during the 
manufacturing process to create artificial delamination damage.  
 
 
 
 
 
 
 
Figure 3.2 Schematic plot of plate specimen  
 
Figure 3.3 Teflon disc on a ply surface prior to assembly  
140 mm 
280 mm 
145 mm 
70 mm 
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3.2 Experimental details 
Manufacture process  
Both beam and plate specimens were made of unidirectional carbon-fibre epoxy 
prepreg T700/VTM 264, the material properties of which are listed in Table 3.1.  
The specimens were manufactured using a hand lay-up process; during the 
manufacturing process two Teflon films were embedded into the composite layers to 
create a delamination in the samples. The specimens were vacuum bagged before 
curing; the vacuum bagging process is illustrated in Figure 3.4. The specimens were 
then cured in an autoclave at 120 ºC and 90 psi for 1 hour. 
After curing, the samples were cut into the required dimension using a diamond saw.  
 
Figure 3.4 The schematic of vacuum bagging layup [103] 
 
Table 3.1: Elastic properties of the T700/VTM264 unidirectional carbon/epoxy 
prepreg 
𝑬𝟏𝟏 
(GPa) 
𝑬𝟐𝟐 
(GPa) 
𝑬𝟑𝟑 
(GPa) 
𝑮𝟏𝟐 
(GPa) 
𝑮𝟏𝟑 
(GPa) 
𝑮𝟐𝟑 
(GPa) 
𝝑𝟏𝟐 𝝑𝟏𝟑 𝝑𝟐𝟑 
120.2 7.47 7.47 3.94  3.94 2.3 0.32 0.32 0.33 
 
Specimen preparation  
During the curing process, the resin might flow into the interface between the Teflon 
films due to the high autoclave pressure. The resin can cause the two Teflon films to 
stick to each other and to the composite after the curing process. In order to ensure 
full separation between the Teflon films and the composite laminate, both beam 
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specimens and plate specimens were pre-loaded under controlled compression-shear 
loading before testing.  
Beam specimens were loaded using a three-point bend loading configuration. As 
shown in Figure 3.5 (a), two support rollers were placed underneath the specimen 
near the ends of the delamination. A top roller was placed at the centre of 
delamination region to apply compressive load to the specimen. This configuration 
could prevent delamination propagating outside the support rollers because the shear 
force is contained between the two support rollers. 
  
 
 
Figure 3.5 (a) Schematic plot of three point bending load  
 
 
Figure 3.5 (b) Set up of three point bending test  
The loading rate of the top roller was set to 0.5 mm/min. The compressive stress and 
extension could be recorded during the test. There was a cracking sound when the 
Teflon film started to separate with the composite layer, meanwhile, a sudden drop 
was captured in the compressive stress plot, as shown in Figure 3.7. One side of the 
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specimen was painted with correction fluid to clearly observe the propagation of 
delamination, see Figure 3.6. The loading process was stopped when the delamination 
propagated to the support rollers location. 
 
Figure 3.6 Delamination propagation under three point bending  
 
Figure 3.7 Compressive stress versus extension 
Then an ultrasonic C-scan was used to measure the actual location of the 
delaminations in the specimens and check the condition of each specimen. Figure 3.8 
shows the C-scan results of the undamaged beam specimen and the type B 
delaminated specimen. The profile of the delamination region could be clearly seen 
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and the actual dimensions were extremely close to designed values. Also there was no 
other manufacture induced damage found in all specimens hence they were reliable 
for testing. 
 
 
 
 
 
Figure 3.8 C-scan image of specimen type A, B and C 
 
Open hole compression-shear test configuration was used to separate the Teflon film 
with composite layers in plate specimen, because the applied shear force is confined 
within a controlled area. As shown in Figure 3.9 (b), two 10 mm thick aluminium 
plates were used to clamp the plate specimen. There was a 30 mm diameter hole, 
which has the same dimension as the Teflon insert in the plate specimen, in the centre 
Undamaged beam  
Delamination type B 
Delamination type C 
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of each aluminium plate. The open hole was placed right on top of the Teflon insert 
for the purpose of preventing delamination propagation outside the expected region. 
The compression load was applied through a 20 mm diameter steel ball; see Figure 
3.9 (a). The loading process was terminated when a clear drop appeared in the 
compressive load-displacement plot. After the compression test, C-scan testing was 
conducted to measure the actual dimensions of delamination, as shown in Figure 3.10. 
The dimensions of the circle delamination damage were close to the designed value.  
 
 
Figure 3.9 (a) Set-up of open hole shear test 
 
 
 
 
 
 
Figure 3.9 (b) Schematic plot of open hole shear test  
 
Clamp 
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Figure 3.10 C-scan image of delaminated plate specimen  
3.3 Experimental set-up 
The experimental set-up is illustrated in Figure 3.11 (a). The specimen was clamped 
in a fixture at one end and driven at the other end by a mechanical shaker. 
Measurements of the out-of-plane velocity response were acquired by a scanning laser 
vibrometer (Polytect PSV 400), from which the deflection-time data could be 
obtained. The measured deflection data was then used to compute curvature data for 
damage localization and quantification purpose. The AC signal input into the 
mechanical shaker was generated by Polytect software without external signal 
generator.  
 
Figure 3.11 (a) Schematic plot of experimental set up 
Delamination  
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Figure 3.11 (b) Experimental set up in the lab  
  
Scanning laser vibrometer  
The laser vibrometer provides a non-contact measurement of high sensitivity for 
damage detection [36]. It works on the Doppler principle, which relates the change in 
frequency of a wave as an observer moves relative to the source of wave. 
Theoretically, the PSV-400 is able to measure nano-scale displacement over a spot 
size of approximately 40 µm. The maximum number of grids it can measure is 
512×512 [104]. 
In this section, major settings affecting the accuracy of the experimental results are 
discussed below, such as optical settings, scan density and data acquisition software 
settings. 
Focus and 2D alignment  
Two important optical settings need to be completed before scanning the specimen: 
focusing the laser beam and aligning the laser.  
The precise distance from the scanning laser head to the specimen, which plays a key 
role in the calculation of relative velocity, is acquired by focusing the laser on the 
Mechanical shaker  
Scanning Laser vibrometer  
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surface of the specimen. In the experiment, the ‘auto focus’ function in the laser 
software was used to make a focused point on the sample. 
The standard 2D alignment includes at least two points with different x and y 
coordinates and re-alignment is necessary when the camera resolution is changed. 
More alignment points help to improve the precision of laser beam. In the present 
investigation, at least four points were applied at four corners of the specimen in the 
experiment, as shown in Figure 3.12. 
 
 
(a) 
Alignment points 
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(b) 
Figure 3.12 2D alignment: (a) beam specimen (b) plate specimen  
 
Define the number of scan points 
After optical setting, the scanning points were defined. In the Polytect software, a 
number of geometric figures can be selected to draw the shape of scanning points. 
Then the number of scanning points is dictated by the resolution function.  
For the beam specimens, the scanning points were specified along a single line as 
shown in Figure 3.13 (a). The number of points is 119 and the distance between the 
points is 2.2 mm.  
The scanning points were extended in two directions for the plate specimen and the 
same resolution value was specified. The density of scanning points is 59×119 and the 
spatial resolution is the same in both directions, which is equal to 2.2 mm. 
It is suggested to focus the laser beam to all the scanning points in order to improve 
the accuracy. However, it is a time consuming process and the effect is neglectable as 
Alignment points 
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the distance between the laser head and specimen is small for our case (900 mm). 
Instead, the scanning points were focused for every 15 points in x and y directions. 
For the rest of the points, the focus values were obtained by ‘interpolation focus value’ 
function in Polytect software. 
 
 
(a) 
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(b) 
Figure 3.13 Defining scanning point: (a) beam specimen (b) plate specimen  
Settings in laser vibrometer software 
Some parameters for data acquisition have significant effects on the scanning time 
and noise level. In this section, the selection of those parameters is explained and all 
the settings for data acquisition are listed in Table 3.2. 
During scanning, averaging is used to reduce the magnitude of random noise. In 
essence, the measurement at one point is repeated for the number of set averages. On 
the other hand, the scanning time is proportionally increasing with the number of 
averages. Here, in order to select the appropriate number of averages, an error index 
 was used to define the changing of error with the increasing number of 
measurements.  
1
1
( ) ( )
N
n i n i
i
w x w x 

                                          (6.1) 
where, n denotes the number of averages, w is the averaged displacement for scanning 
point located at ix  and N is the total number of scanning points.  
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One example is shown in Figure 3.14. With the increasing number of averages, 
drops significantly for averaging 10 measurements then the change slowed down 
considerably. Therefore, the number of averages has been set to 20 as a trade-off. 
 
Figure 3.14 index for up to 50 measurements 
 
The excitation frequency was selected within the range 0 to 10 kHz, thus the 
bandwidth 10 kHz was used. That bandwidth resulted in a sampling rate of 25.6 kHz, 
which was more than adequate to measure the vibration response. Larger number of 
FFT lines result in longer scanning time. Here, 800 FFT lines were used and the 
frequency spectrum had 12.5 Hz increment. 
Sine wave signal with 1.0 V amplitude was generated by the Polytect software and 
passed to the signal amplifier to drive the mechanical shaker. The frequency range of 
signal used in this study varied between 1500 Hz and 8000 Hz, as it was noticed that 
the measurement noise was much higher for signals below 1000 Hz. The output signal 
from the mechanical shaker was evaluated by laser vibrometer, as shown in Figure 
3.15. The coherence between the measured signal and reference signal was above 
98%. 
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Figure 3.15 Signal output from the mechanical shaker  
 
Table 3.2: Acquisition settings used for PSV-400 Laser Vibrometer System 
Measurement Mode FFT 
Averaging (Peak Hold) 20 
Filter Low pass filter (1.5 MHz) 
Fast tracking 
Vibrometer Controller OFV-5000 
Controller set Velocity VD-03 1000 mm/s/V 
Bandwidth 10 kHz 
Sample Frequency 25.6 kHz 
Sample time 80 ms 
Resolution 12.5 Hz 
FFT lines used 800 
Overlap 0 % 
Waveform Sine wave  
Waveform Amplitude 1 V 
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Fixture 
The NASA short block compression fixture was applied to clamp the beam specimen. 
As shown in Figure 3.16, the beam specimen was clamped by two steel blocks and 
fixed by two screws on one side. The clamping distance is 12 mm thus the effective 
length of the beam is 268 mm. The deflection responses of samples under high 
frequency dynamic loading were very sensitive to boundary conditions. In practice, 
the specimen might not be fully fixed and the effect has been discussed in Chapter 6. 
 
Figure 3.16 NASA short block compression test fixture 
3.4 Experimental results 
Velocity response  
Sine excitation was used to measure the response at a particular frequency, resulting 
in a strong peak in the FFT spectrum at a given applied frequency. The vibrometer 
provided functions to extract the data at that frequency and produced the velocity 
response over the scanning points. Two examples for velocity responses of the beam 
structure and plate structure are shown in Figure 3.17 and Figure 3.18. 
 
 
Depth 12 mm 
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Figure 3.17 Velocity of scanning points for beam specimen 
 
Figure 3.18 Velocity of scanning points for plate specimen 
 
Operating deflection shapes  
From the velocity data recorded by the laser vibrometer measurement, the out-of-
plane displacement or deflection was obtained using a built-in time-integration 
function in the Polytect software. The available experimental measurement results 
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have been summarized in Table 3.3. Some of the gathered operating deflection shapes 
are shown in Figure 3.19 and Figure 3.20 for beam and plate specimens. Here, it is 
worth noting that for either undamaged or damaged beam specimens, the deflection 
profiles are smooth and continuous, which indicates that the displacement data are not 
sensitive enough to identify the existence of damage.    
 
Figure 3.19 (a) Deflection profile for beam specimen type A at 4000 Hz 
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Figure 3.19 (b) Deflection profile for beam specimen type B at 4000 Hz 
 
Figure 3.19 (c) Deflection profile for beam specimen type C at 1700 Hz 
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Figure 3.19 (d) Deflection profile for beam specimen type D at 3800 Hz 
 
Figure 3.20 Deflection profile for delaminated plate specimen at 2900 Hz 
 
 
 
 
-8.E-04
-4.E-04
0.E+00
4.E-04
8.E-04
0 50 100 150 200 250 300
D
e
fl
e
ct
io
n
 (
m
m
) 
Distance along beam (mm) 
beam specimen type D
Chapter 3 Experimental methods 
61 
 
Table 3.3: Available experimental results for beam and plate specimens 
Specimen type Data available 
Undamaged beam specimen  Operating deflection shapes at 600 
Hz,1700 Hz, 3800 Hz, 4000 Hz, 6000 Hz 
and 6500 Hz  
Beam specimen contain mid-plane 
delamination damage  
Operating deflection shapes at 600 Hz, 
1700 Hz, 3800 Hz, 4000 Hz and 6000 Hz 
Beam specimen contain single 
delamination damage located at 4
th
 
interface  
Operating deflection shapes at 600 Hz, 
1700 Hz, 3800 Hz, 4000 Hz and 6000 Hz 
Beam specimen contain two delamination 
damage located at 2
nd
 and 4
th
 interfaces  
Operating deflection shapes at 600 Hz, 
1700 Hz, 3800 Hz, 4000 Hz and 6000 Hz 
Undamaged plate specimen  Operating deflection shapes at 2900 Hz, 
6000 Hz  
Plate specimen contain mid-plane 
delamination damage  
Operating deflection shapes at 2900 Hz, 
6000 Hz  
 
3.5 Summary  
Beam and plate specimens made of composite materials have been manufactured, 
which contained various types of delamination damage. To ensure the true disbond of 
Teflon insert, pre-load tests have been conducted to separate the Teflon with 
composite layers. C-scan was carried out to ascertain the actual size of damage and to 
confirm that no other type of damage was created by the pre-loading.  
The Polytect laser vibrometer was used to scan all the samples under vibrational 
loading conditions. The measurement was fast and non-contact, indicating its 
potential for in-situ applications. 
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Chapter 4 Damage detection and localization 
 
Existence of damage will change the structural dynamic response, such as natural 
frequencies and mode shapes, etc. It was reported in the literature that curvature mode 
shape or operating curvature shape are more sensitive to damage and hence more 
suitable indicator for detecting and locating damage. Figure 4.1 (a) shows the 
curvature profile of a delaminated beam, from which the damage induced 
irregularities can be clearly observed. However, for the purpose of locating the edges 
of the delamination clearly, such as shown in Figure 4.1 (b), the curvature data are 
required to be processed by particular localization algorithms. 
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(b) 
 Figure 4.1  (a) Curvature profile of delaminated beam (b) Damage location index  
Two baseline-free damage localization methods (gapped smoothing method and 
wavelet transform method) have shown good performance in the literature and will be 
investigated here in other perspectives.  
4.1 Baseline-free damage localization methods  
4.1.1 Gapped smoothing method  
The basic theory of the gapped smoothing method [9] is that a damage index ( ) is 
defined as the square of curvature difference between the damaged structures and a 
localized curve fit curvature, 
2
( )( )i i cf iw w                                                         (4.1) 
where iw  refers to curvature value at location 𝑖 and ( )i cfw  is curve-fitted data at the 
same location, which is defined by 
2 3
( ) 0 1 2 3i cf i i iw p p x p x p x                                                 (4.2) 
Here the coefficients are determined from curvature at adjacent points ( 2iw  , 1iw  , 
1iw  , and 2iw  ). In practice, the curvature is obtained from deflection data by 
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differentiation, which can be achieved by the central difference approximation 
method.  
2
1 1( 2 ) /i i i iw w w w h                                                   (4.3) 
Here, h denotes the step size or distance between two measurement points.  
 
4.1.2 Wavelet transform method  
A wavelet function ( )x  is defined as a function with a zero average 
( ) 0x dx


                                                          (4.4) 
The continuous wavelet transform (CWT) is defined as the inner product of a set of 
wavelets with the analysed function ( )f t : 
1
( , ) ( ) ( )
t u
W u s f t dt
ss




                                           (4.5) 
where s and u denote the dilation and translation parameters, respectively. The 
wavelet transform can be applied to detect singularities, which can be explained by 
the following theorem. A wavelet is said to have n vanishing moments if the 
following equation holds: 
 ( ) 0kx x dx


 ,      k=0, 1, 2, …, n-1                                  (4.6) 
A wavelet has n vanishing moments that can be related to the n
th
 derivative of the 
function   
( )
( ) ( 1)
n
n
n
d t
t
dt

   ;           ( ) 0d dt


                                  (4.7) 
The wavelet transform can then be rewritten as a multi-scale differential operator  
( , ) ( )( )
n
n
sn
d
W u s s f u
du
                                                  (4.8) 
where ( ) ( )t t    and sf   is regarded as the derivative of  f smoothed by s .  
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In the above formulation, when s is small, the spatial resolution is fine and more 
details can be revealed, while when s is large, the smoothing level of input data is 
high and the resolution decreases. This is demonstrated by the example in Figure 4.2. 
The ‘Original signal’ is two connected straight lines with different slopes. Here ‘bior 
2.2’ wavelet with two vanishing moments is used to detect the discontinuity in the 
input signal data. For all three scales, the singularity contained in the signal was 
clearly indicated by the peak in the wavelet coefficients and with increasing scale 
values, the peak becomes wider. The influence of s on the signal to noise ratio will be 
discussed in the following sections.  
 
Figure 4.2 Comparison of wavelet coefficients at various scales  
 
4.2 Numerical study 
The viability of the above two damage localization algorithms have already been 
shown in the literature. However,  some issues have not been fully investigated yet.  
Chapter 4 Damage detection and localization 
66 
 
In this section, the performance of damage localization algorithms for various 
boundary conditions has been studied under static loading condition. Two common 
loading conditions, pure bending and cantilever loading, are investigated in this study. 
Secondly, a composite beam model is employed to investigate the effect of excitation 
frequency and step size under dynamic loading condition. This information provides 
insight and limitations of above damage localization algorithms. 
4.2.1 Effect of boundary condition  
For the static loading condition, an isotropic beam model made of aluminium was 
developed using the commercial finite element software Abaqus. The beam has 
dimensions of 200 mm × 20 mm × 3.36 mm and the material properties used are: 
Young’s modulus E=70 GPa and Poisson’s ratio υ=0.3. 20 node 3D solid elements 
were used to build the model. The delamination damage was 20 mm long and located 
100 mm away from the left end of beam in the beam direction and mid-plane in the 
through-thickness direction. The delamination damage was introduced by 
disconnecting adjacent layer elements as shown in Figure 4.3, which had zero 
thickness. In order to prevent element interpenetration, the ‘hard contact’ option in 
Abaqus was applied to the delamination interface. 
Two loading conditions were considered in static loading condition. In the first one, 
the delamination region was subjected to pure bending loading condition; for the other 
one, there were both a bending moment and a shear force existing in delamination 
region. 
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Figure 4.3 Modelling of delamination damage  
Four-point bending  
Four-point bending boundary condition was used to achieve pure bending condition in 
the delamination region. As shown in Figure 4.4, the beam was supported by two rigid 
rollers underneath and loaded by another two rollers on top of beam.  Displacement 
control was applied as shown by the red arrows and the displacement applied on each 
top roller was 2.5 mm. Since the boundary condition was symmetrical to the centre of 
beam, the sum of the shear forces was zero within the region between the top two 
rollers. In other words, the delamination damage was only under a pure bending 
loading condition. 
 
 
 
 
 
 
 
Figure 4.4 Schematic plot of pure bending boundary condition  
Delamination  
 
20 mm 20 mm 30 mm 
30 mm 30 mm 20 mm 
200 mm 
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The displacement distribution along beam direction for the delaminated beam is 
shown in Figure 4.5 (a) and is compared with results from undamaged beam under 
same loading condition. Those two curves are identical to each other and within the 
damage region, no irregularities could be observed. As curvature data are more 
sensitive than displacement data in damage detection, then the corresponding 
curvature data are compared in Figure 4.5 (b), which is computed by the central 
difference approximation method. The variations of curvature profile for the damaged 
beam near the ends of beam are caused by the boundary conditions. Apart from these 
boundary effects, no irregularities could be observed in the curvature plot. 
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(b) 
Figure 4.5 (a): Comparisons between delaminated beam and undamaged beam in displacement 
distribution (b): Comparisons between delaminated beam and undamaged beam in curvature 
distribution  
Cantilever configuration  
The other static loading condition investigated in this study is a cantilever 
configuration. The beam was constrained at the left end and subjected to a point load 
at the other end, see Figure 4.6. Also displacement control was applied in the 
numerical model and the value input was 3 mm.     
 
 
 
 
 
Figure 4.6 Schematic plot of cantilever configuration  
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The computed values of displacement for an undamaged and a delaminated beam are 
shown Figure 4.7 (a). There is no discernible difference between the displacement 
profiles. However, the effect of delamination can be clearly seen in the curvature 
profile in Figure 4.7 (b). There are step discontinuities in the curvature at the end 
points of the delamination. Furthermore, the slope of the curvature profiles is much 
greater than that of the un-damaged beam.  
It is pertinent to note that an ideal delamination, as shown in Figure 4.4, would not 
perturb the stress field under the condition of pure bending. Because no shear stress 
exists in the undamaged region, a delamination would not disturb the deformation. 
Thus, a delamination only affects the response when there is a shear force present, as 
in the case of the end-loaded cantilever, or under forced or free vibration.  
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(b) 
Figure 4.7 (a): Comparison between undamaged beam and delaminated beam (b): Comparison 
between undamaged beam and delaminated beam  
 
To compare the performance of both damage localization algorithms, the curvature 
profile of the delaminated beam was processed by the gapped smoothing method and 
the wavelet transform approach respectively. Both methods are able to locate the ends 
of delamination by indicating strong peaks in the damage location in Figure 4.8 and 
Figure 4.9. There are also some other little peaks shown up in the undamaged region 
due to numerical noise and the noise reduction process will be mentioned in the 
experimental validation section. The other issue is the boundary distortion near the 
end of the beam, which is a common issue for the convolution computation. There are 
two ways to process it. One way is using cubic spline extrapolation to eliminate the 
large discrepancies at the boundary [67]. Alternatively, the data near the boundaries 
are simply discarded. In our study, the damage near the edges of beam case is not 
taken into consideration, thus the distortion data are ignored.   
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Figure 4.8 Discontinuity index along the beam  
 
 
Figure 4.9 Wavelet transform coefficients by using the ‘bior 2.2’ wavelet  
 
4.2.2 Effects of excitation frequency and step size 
A delaminated composite beam structure model was developed for the dynamic 
loading case. The beam was clamped at one end. The dimensions of the model were 
268×20×3.36 mm and the model was divided into 16 layers, corresponding to 
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individual plies in the composite beam, with a stacking sequence [0, 90]4s. The layers 
were modelled as orthotropic materials with the elastic constants listed in Table 3.1, 
and a mass density of 1.6×10
-9
 kg/mm
3
.  
The model used 3D solid elements with an element size of 2 mm and with each layer 
modelled with one element in the thickness direction. One mid-plane delamination 
was inserted, extending between 130 mm to 160 mm from the clamped end, and 
spanning the full width, as shown in Figure 4.10. 
The beam was loaded in a cantilever configuration, with one end fixed in the x, y and 
z directions, and the other end subjected to a time harmonic displacement in z-
direction (normal to the mid-plane) of amplitude 0.1 µm. 
 
 
 
Figure 4.10 Schematic plot of composite beam containing mid-plane delamination  
The effect of excitation frequencies on edge detection  
Initially sweep frequency range analysis was conducted by using harmonic 
frequencies between 0 and 5000 Hz to drive the free end of the structure. The 
displacement response of a single node (200 mm away from the clamped end) was 
plotted in Figure 4.11. These sharp peaks in the figure indicate the resonant 
frequencies of the beam structure. For each individual frequency there exists a 
corresponding operating deflection shape and operating curvature shape, which can 
serve as input data into the gapped smoothing method. Here, two different frequency 
cases are used as examples to show the profiles of the discontinuity indices in Figure 
4.12 (4000 Hz) and Figure 4.13 (1485 Hz). In these results, x-axis is normalized by 
the  beam length and the displacement is normalized by the maximum value, thus 
curvature data are dimensionless for those two cases and the amplitude of the 
discontinuity indices in these two cases are comparable. In Figure 4.12, there are 
clearly two sharp peaks indicating the edges of the delamination damage, however, 
the discontinuity index in Figure 4.13 only forecasts one edge. The result reveals that 
the discontinuity index of the gapped smoothing method is frequency dependant.  
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Figure 4.11 Displacement response over frequency range 0 to 5000 Hz 
 
Figure 4.12 Normalized curvature profile and corresponding discontinuity index at 4000 Hz  
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Figure 4.13 Normalized curvature profile and corresponding discontinuity index at 1485Hz 
Broadband curvature data were suggested to be used for damage localization to offer 
improved accuracy [9] because experimental data obtained near resonance are often 
less accurate than the data obtained away resonance frequencies. The above result 
confirms the inherent limitation for delamination damage localization with single 
frequency excitation. 
The effect of step size  
The performance of the gapped smoothing technique in locating the end points of a 
delamination is dependent on the spacing used for measuring the deflection; this same 
spacing is also employed for computing the curvature values iw  for calculating the 
structural irregularity index. This dependence has been noted by Yoon et al. [49], but 
it has not been investigated systematically to determine the effect of spatial resolution 
on damage localization.  
This issue has been investigated in this research, with the results being shown in 
Figure 4.14. The element size in the numerical model is refined to 0.5 mm, which can 
then be down-sampled to larger intervals to construct data sets of curvature values for 
different interval values. It can be expected that if the sampling interval is too large, 
the presence of localised changes in curvature would be blurred. This is indeed 
confirmed by the plot in Figure 4.14 (d) for a spacing of 10 mm which is relatively 
blurred and featureless compared with the plots obtained for a spacing of 1 mm or 2 
mm. The remaining question is whether the accuracy of damage localization is 
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continuously increasing with decreasing spacing interval. Here, the term ∆x/x1 is used 
to describe the performance of the gapped smoothing method, in which ∆x denotes the 
bandwidth of half amplitude of the peak and x1 is the location of left end of 
delamination, as shown in Figure 4.14 (d). Figure 4.15 shows the trend of accuracy 
with various interval cases and here the step size is normalized by the element size 
(0.25 mm). The result shows for the noise free data, the accuracy of damage location 
(∆x) improves as the sampling interval decrease.. 
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(d) 
Figure 4.14 Discontinuity index for various step sizes: (a) 0.5 mm (b) 1 mm (c) 2 mm (d) 10 mm 
  
Figure 4.15 Performance of gapped smoothing method for various spacing intervals  
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4.3 Experimental investigation   
Mathematical differentiation degrades the signal-to-noise ratio [105]. In our study, the 
curvature data are derived from displacement data by spatial differentiation. Thus it is 
critical to analyse the performance of damage localization algorithms with existence 
of measurement noise.  
In this section, the gapped-smoothing and wavelet transform methods applied to 
evaluate their accuracy in damage localization using experimentally measured 
operating mode shapes for composite beam specimens containing artificial 
delaminations are applied. The dimensions of the specimens and experimental details 
are described in Chapter 3.  
4.3.1 Curvature data without smoothing      
The direct output data from a laser vibrometer measurement system are used to form 
an operating displacement shape (ODS), then a numerical differentiation process is 
required in order to acquire corresponding curvature data. 
A central difference approximation operator is normally used to compute the second 
derivative of equally spaced points, which has the formula:  
1 1
2
2i i i
i
w w w
w
h
                                                       (4.9) 
where iw  is the curvature of 
thi  element and h is the distance between two adjacent 
points.  
Figure 4.16 (a) shows the experimentally measured deflection data for specimen 
containing near surface delamination. The laser vibrometer sequentially scans along 
the beam and the measured points are indicated by these black dots in Figure 4.16 (a). 
Then the corresponding operating curvature shape was computed using the central 
difference approximation, see Figure 4.16 (b). It is note that the calculated curvature 
data are obviously contaminated with noise, which may result in a ‘false alarm’ in the 
damage localization step. As shown in Figure 4.16 (c), two unexpected peaks show up 
at the undamaged region. 
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The results reveal that the curvature data directly computed by central difference 
method are susceptible to measurement noise, which is inevitable in practice. As a 
consequence, some form of smoothing or low-pass filtering is necessary for use with 
differentiation. 
 
 
Figure 3.16 (a): Experimentally measured operating deflection shape for specimen type C at 1700 
Hz  
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Figure 3.16 (b): Curvature profile computed directly using central difference method  
 
Figure 4.16 (c): Corresponding discontinuity index using directly computed curvature data  
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4.3.2 Data smoothing and differentiation  
In this section, two types of smoothing filter are introduced, both of which can 
conduct smoothing and differentiation simultaneously. Furthermore, the correlation 
between smoothing level and damage localization result is discussed. 
Savitzky-Golay smoothing and differentiation method 
The basic idea of Savitzky-Golay convolution approach is to use a polynomial 
function to fit an array of 2 1m equally spaced data points, as shown below  
2
0 1 2
0
( ) jj
j
q
q
q
U x c c x c x c x
c x

    

                                     (4.10) 
Here, the 2 1m  points are only a sub-set of the entire measurement data. To smooth 
the whole group requires the moving average process. One way to simplify this 
process is convoluting the uniformly-spaced data with a set of smoothing coefficients 
 (0)sp  which can be derived from least-squares-fitting formulas. Then the smoothed 
value of centre data point i su   can be represented by  
(0)
m
i s i s
s m
u p u 

                                                           (4.11) 
Thus the derivative of the smoothed value can be obtained by using the following 
formula:  
( )
q s m
qi
s i sq
s m
d u
p u
dx



                                                      (4.12) 
here, m is known as ‘smooth width’. When m = 1, three nodes are employed to 
construct a quadratic polynomial function and from that the second derivative can be 
calculated.  
In this project, the SG filter in the commercial software Matlab is used and the 
selection of an appropriate smoothing level is investigated systematically.  
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As shown in Figure 4.17, three various m values are used in the SG filter to compute 
the curvature profile. With the increasing value of m, the noise level is decreasing; on 
the other hand, the signal strength of useful peaks is reducing. Thus it is required to 
select a moderate smoothing level. In order to do that, the quality of these three 
smoothed curvature profiles are estimated by the discontinuity index of the gapped 
smoothing method. The discontinuity indices for these three cases are shown in 
Figure 4.18 (a-c). It is expected that if the smoothing is not enough, there will exists a 
‘false alarm’ induced by noise. In contrary, for the over-smoothing case, the 
discontinuity index would become less sharp. This is confirmed by the results in 
Figure 4.18 (a) and (c). The results suggest that the smoothing level is optimum when 
m is equal to 2, see Figure 4.18 (b), which preserves only the peaks related to 
delamination end points. 
 
Figure 4.17 Curvature profile computed with SG filter with various values of m  
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Figure 3.18 (a): Discontinuity index for curvature profile computed from SG filter using m = 1  
 
Figure 3.18 (b): Discontinuity index for curvature profile computed from SG filter using m = 2 
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Figure 4.18 (c): Discontinuity index for curvature profile computed from SG filter using m = 3 
 
Discrete wavelet transform  
Discrete wavelet transform (DWT) [57] has been widely applied to data smoothing 
and image de-noising. Compared with CWT, DWT is discretely sampled, normally in 
dyadic scale, and it is more efficient and has much less redundant information.   
The discrete wavelet transform has the formulation of  
/2
, ( ) 2 (2 )
j j
j k t t k 
                     2, ( )j k L            (4.13) 
where the function ( )t can also be represented as  
1
0
( ) 2 (2 )
L
k
k
t g t k 


                                                  (4.14) 
here ( )t is a scaling function that is dilated and translated as  
/2
, ( ) 2 (2 )
j j
j k t t k 
                        ,j k               (4.15) 
( )t  can also be represented as  
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1
0
( ) 2 (2 )
L
k
k
t h t k 


                                                    (4.16) 
Where,  
0,..., 1k k L
h
 
and  
0,..., 1k k L
g
 
 are known as high pass filter and low pass filter. 
The decomposition process can be shown by Figure 4.19:  
 
 
 
 
 
 
Figure 4.19  Discrete wavelet decomposition process  
At the decomposition process, each level is down sampled by a factor of 2. With the 
increasing of step size, the detail coefficients are further smoothed.  
For the ‘bior 2.2’ wavelet,  0,1, 2,1,0,0kh t   and  0, 0.5,1,2,1, 0.5kg t   . Here, 
t is a constant value, which is equal to 0.3535533906. Here, hk has the same format 
with central difference operator ( 1, 2,1 ), so the detail coefficients of the ‘bior 2.2’ 
wavelet transform are able to be used to calculate curvature data after linear 
transformation.  
Figure 4.20 shows the operating curvature shape calculated using the first three levels 
of the ‘bior’ wavelet transform. The increasing number of level leads to smoother 
curvature data. Furthermore, the smoothed curvature data are evaluated by the 
discontinuity index of gapped smoothing method. The optimum smoothing level 
happens when the level of wavelet transform is equal to 2; see Figure 4.21 (b). 
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Figure 4.20 Curvature profile computed by the first three levels of the ‘bior’ wavelet transform  
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(b) 
 
(c) 
Figure 4.21 Discontinuity index of gapped smoothing method for curvature profile computed 
from the ‘bior 2.2’ wavelet (a) level 1 (b) level 2 (c) level 3 
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Damage localization with CWT 
Alternatively, the curvature data computed using DWT can be used as input into 
CWT for the purpose of locating damage. As mentioned in section 4.1, as the scale 
number increases, the coefficient maxima become wider and featureless. 
Theoretically, the finest scale is able to provide the most precise indication of the 
damage. However, in practise, even though the finest scale of wavelet has the smallest 
step size while it is not the best choice with the presence of noise. The local maxima 
introduced by the noise data could mask the damage information. A trade-off for the 
scale is needed. 
The problem has been investigated here using the curvature data calculated by the 
‘bior 2.2’ wavelet level 2 in section 4.3.2. The continuous wavelet coefficients for the 
first 20 scales are shown in Figure 4.22 (a). The optimum scale is then selected based 
on the signal-to-noise ratio. The wavelet coefficients for each scale are firstly 
normalized by their maximum value. Figure 4.22 (b) shows an example of normalized 
coefficients for scale 5 and 20 and it is obvious that scale 5 has better signal-to-noise 
ratio. 
One benefit of CWT is that singularities caused by the damage continuously show up 
among all scales, as shown in Figure 4.22 (a). It can help to increase the confidence in 
damage localization.  
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Figure 3.22 (a) Wavelet coefficients at various scales  
 
Figure 4.22 (b) Signal-to-noise comparison between scale 5 and 20  
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4.4 Summary  
Delamination damage detection and localization using baseline-free methods (i.e. 
gapped smoothing method and wavelet transform method) have been investigated in 
this chapter.  
Firstly, numerical studies have been conducted to investigate the effect of boundary 
condition, step size and excitation frequency on the performance of damage 
localization. Both pure bending and cantilever configuration have been studied under 
static loading condition. It was noticed that shear force plays a key role in detecting 
delamination damage. Then the effect of step size was studied for composite beam 
subjected to dynamic loading condition. A composite beam model was built and the 
effect of driven frequency and step size has been studied. It was pointed out that there 
are inherent limitations for damage detection using single frequency excitation, as the 
irregularity in curvature data is not obvious at certain frequencies due to lacking shear 
forces in the damaged region. Therefore, broadband data are required in order to 
improve confidence. On the other hand, it has been shown the spacing between the 
measurement points plays a key role in the performance of gapped smoothing method. 
The accuracy (∆x) increases with the step size for noise free data.  
Secondly, experimental data are employed to investigate the effect of measurement 
noise on curvature computation data computation and damage localization. Both the 
SG filter and the discrete wavelet transform are able to simultaneously smooth and 
differentiate the measured deflection data. 
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Chapter 5 Analytical inverse method 
 
This chapter presents an analytical inverse approach for quantifying the severity of 
delamination damage in laminated beam structures. There are a number of merits for 
analytical method, such as it requires much less computation compared with 
numerical model based approaches and much easier to implement. In this section, the 
relationship of stiffness reduction ratio with is two components, slopes ratio and shear 
force ratio, are investigated. After that, a practical approach to calculate shear force 
ratio is introduced. Lastly, both numerical and experimental studies have been 
conducted to illustrate the feasibility of the proposed method. 
5.1 Principle 
Based on Euler-Bernoulli beam theory, under dynamic loading conditions the 
equation of motion for a beam structure is 
2( ) ( ) ( )EIw x m x w x                                         (5.1) 
where w is the out of plane displacement of the beam, E is the elastic modulus, I is the 
area moment of inertia, EI is the bending stiffness, m is the mass distribution of per 
unit length along the length of the beam. Here, it is assumed that beam structure is 
uniform thus the bending stiffness along the beam is constant. 
As shown in Figure 5.1, for undamaged cantilever beam subjected to harmonic force 
excitation at the tip, the following equation holds: 
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0 0 0( ) ( )EI w x Q x                                              (5.2) 
When a delamination is introduced into the structure, the bending stiffness in the 
damage region will decrease while at the same time, the magnitude of slope of 
curvature will increase. In the damage region (between x1 and x2), the expression of 
the equation still has the same form 
( ) ( )d d dEI w x Q x                                            (5.3) 
here the subscript d indicates values pertinent to the damage region. 
 
 
 
 
 
 
 
Figure 5.1 Schematic plot of undamaged and damaged beam structures 
The stiffness reduction ratio is defined as 0/dEI EI  and using the above relationship, 
this ratio can be represented as 
0
0 0
d d
d
EI w Q
EI w Q



                                                (5.4) 
where w  is the slope of curvature. Hence the stiffness reduction ratio is determined 
by the slope ratio and shear force ratio simultaneously. 
In practise, the curvature data for both undamaged and damaged structure can be 
obtained using strain gauges or other full field measurement equipment such as laser 
vibrometer or digital image correlation. However, shear force cannot be acquired 
from direct measurement. One possible solution is to transform the expression of 
shear force ratio into other forms with measureable quantities. 
F i te 
 
0w  
F i te 
 
dw
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Here, cantilever beam structure is statically determinant. For statically determinate 
structure, the internal shear force can be solved using the equilibrium equation and the 
known boundary conditions. Consider an imaginary cut at the beam structure shown 
in Figure 5.1, the force distribution along the beam can be shown in Figure 5.2  
 
 
 
 
Figure 5.2 Section cut of the beam structure  
The equilibrium equation at steady state is 
( ) ( )Q x F t EIw dx                                         (5.5) 
Based on Equation 5.1, the equation can be transformed into  
2( ) ( )Q x F t m wdx                                         (5.6) 
In the integration part, mass distribution and excitation frequency are normally known 
parameters and the displacement is able to be acquired experimentally. Thus the shear 
force ratio is equivalent to 
2
00
2
( )
( )d d
F t m w dxQ
Q F t m w dx







                                    (5.7) 
It is noted that this method is only applicable to statically determinate structures, in 
which the internal shear force can be calculated from other measurable items. 
5.2 Numerical validation  
In this section, two types of numerical models are used to validate the proposed 
analytical approach. Firstly, the isotropic beam model is built to confirm the condition 
in Equation 5.7 as the isotropic model is simple and can be compared with analytical 
F i te   
 Q(x) 
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solution. Furthermore, the analytical inverse approach is applied to a composite beam 
model containing near surface delamination. 
5.2.1 Isotropic beam model 
Here, isotropic beam models were constructed using the material properties shown in 
Table 5.1. As shown in Figure 5.3, the dimensions of the beam model are 268×4×3.36 
mm. 3D quadratic solid elements were used to build the model and the dimensions of 
the element are 1×1×0.42 mm. A 30 mm length through width delamination was 
created by separating elements from the mid-plane interface. ‘Hard contact’ option 
was selected in Abaqus to prevent element penetration. 
Cantilever beam boundary conditions were applied. The nodes on one end of the 
beam were constrained in all degrees of freedom and a periodic force was applied to 
the nodes on the other end. The amplitude of applied total force is 1.21 N. An 
undamaged beam model was also created as baseline. 
 
 
 
 
Figure 5.3 Schematic plot of beam model 
  
Table 5.1: Material properties for the numerical model 
E0 (MPa) Ed (MPa) ν (-) ρ (kg/m3) 
74000  18500  0.32 1600 
 
The curvature profiles for the undamaged beam and the delaminated beam are 
computed using the central difference method. Here three various frequency cases are 
selected (550 Hz, 1746 Hz and 3686 Hz), as shown in Figure 5.4 (a-c). These 
frequencies are applied because when the delamination is located near zero crossings 
L=268mm 
 150 mm 
 180 mm 
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in the curvature profile, the irregularity behaviour in the damage region is more 
obvious. 
 
(a) 
 
(b)  
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(c) 
Figure 5.4 Curvature profiles between undamaged beam and delaminated beam at various 
frequencies: (a) 550 Hz (b) 1746 Hz (c) 3686 Hz 
Based on Equation 5.4, the slope ratio and the shear force ratio are required to 
calculate the stiffness reduction ratio in delamination region. Here, the slopes of 
curvature at the centre of delamination region (x=165 mm) are computed for both the 
undamaged and the delaminated beam. The results are shown in Table 5.6.   
The shear force is computed using two methods. The first method directly integrates 
the shear stress at x=165 mm. Figure 5.6 (a-c) shows the shear stress along the path 
shown in Figure 5.5. For the undamaged beam, the shear stress distribution has a 
parabolic shape and the maximum happens at the middle of the thickness direction. 
For the delaminated beam, there is no shear force at mid-plane and for each sub-
laminate the shear stress distribution also has parabolic shape. The total shear force is 
computed by integrating the shear stress over the cross section area and the results are 
shown in Table 5.3. 
As mentioned in section 4.1, for statically determinate structure the shear force can be 
solved via an equilibrium equation. For this case, Equation 5.6 is applied to calculate 
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the shear force. The displacements over 165 mm to the loading end of the beam are 
used to calculate the integration part in Equation 5.6. The results for the integration 
part and the shear force are shown in Table 5.4 and Table 5.5, respectively.  It is noted 
that the shear forces computed using these two approaches are in good agreement. 
The slight difference might be caused by the numerical error in integration process. 
Lastly, Table 5.7 displays the stiffness reduction ratio in the delamination region, in 
which the shear force ratio is computed using two methods. Theoretically, the reduced 
stiffness can be computed using the following equation, which assumes the material 
properties stay the same before and after damage 
1 2
1
( )
n
d nI I I I                                          (5.8) 
where I is the area moment of inertia, n denotes the number of sub-laminates and In is 
the area moment of inertia for n th beam segment. 
Thus for mid-plane delamination damage the ratio Id/I is 0.25. For all three cases, the 
predicted values are close to the theoretical value. Hence, the proposed analytical 
approach can be easily used to determine the stiffness reduction in the delamination 
region without expensive computation. Also it is possible to obtain the shear force 
ratio using displacement data for a statically determinate structure. 
 
 
Figure 5.5 Cross-section of beam model at x=165 mm 
Path 1 
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(c) 
Figure 5.6 Shear stress distributions for undamaged beam and delaminated beam at various 
frequencies: (a) 550 Hz (b) 1746 Hz (c) 3686 Hz 
 
Table 5.2 Peak shear stress value (MPa) 
 550 Hz 1746 Hz 3686 Hz 
Intact model -0.17670584 0.539131 0.280677 
Delamination model -0.1539 1.023222 0.290641 
 
Table 5.3 Shear force computed using shear stress (N) 
 550 Hz 1746 Hz 3686 Hz 
Intact model -0.7 2.1565 1.1227 
Delamination model -0.6156 4.09288 1.16 
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Table 5.4 2
L
x
m wdx between 165 mm to 268 mm 
 550 Hz 1746 Hz 3686 Hz 
Intact model -2.027 1.21667 0.15589 
Delamination model -2 4.02795 0.3457 
 
Table 5.5 Shear force (Q) computing using 2
L
x
F m wdx   (N) 
 550 Hz 1746 Hz 3686 Hz 
Intact model -0.817 2.42667 1.36589 
Delamination model -0.79 5.23795 1.5557 
 
 
 
Table 5.6 Slope ratio at x=165 mm  
 550 Hz 1746 Hz 3648 Hz 
Delamination model w  3.4068E-6 -2.26E-5 -6.3942E-6 
Intact model 
w  
9.89589E-7 -3.027E-6 -1.5839E-6 
Slope ratio 0.29 0.1339 0.2477 
 
Table 5.7 Stiffness reduction ratio  
 550 Hz 1746 Hz 3686 Hz 
Using shear force ratio from Table 5.3  0.254 0.256 0.256 
Using shear force ratio from Table 5.5 0.28 0.289 0.282 
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5.2.2 Composite beam model  
The analytical method is then applied to a composite beam model. An FE model of a 
beam specimen, with dimensions 268×2×3.36 mm, was created. The model was 
divided into 16 layers in the thickness direction, corresponding to the individual plies 
in the composite beam, with a stacking sequence [0, 90]4s. The layers were modelled 
as orthotropic materials with elastic constants listed in Table 3.1. As shown in Figure 
5.7, the full-width delamination damage was inserted at the second interface in the 
through thickness direction. The cantilever configuration was used and the free end 
was loaded with periodic load with amplitude 1.87 N. Also an undamaged beam 
model under same boundary condition was created as baseline. 
The curvature profiles of the delaminated beam and undamaged beam at 3800 Hz 
were shown in Figure 5.8. It can be seen that the baseline profile intersects the actual 
profile near the centre of the damage region. The slopes of curvature profiles at that 
location are found to be 
78.5 10dw
    for damaged beam and 70 4.88 10w
   . 
The shear force ratio was then computed using Equation 5.7 for cantilever 
configuration, which was 0/ 2.52 / 2.07 1.22dQ Q   . So the slope ratio and shear 
force ratio lead to 0/ 0.69dEI EI  for stiffness reduction ratio. 
 
Figure 5.7 The location of delamination in through thickness direction 
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Figure 5.8 Comparison of curvature profiles between undamaged beam and beam containing 
single delamination at 3800 Hz 
The next step is to determine the possible distributions of delaminations that 
correspond most closely to this observed value for the reduced bending stiffness. 
Figure 5.9 shows the stiffness reduction ratio for various locations of delamination in 
the through thickness direction for single delamination damage. Here the stiffness 
reduction ratio is computed using Equation 5.8. It is readily verified that the closest 
match is obtained for the delamination located at the 2
nd
 or 14
th
 ply interface, which is 
symmetrical to the mid-plane. 
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Figure 5.9 Stiffness reduction ratio for varying location of single delamination  
The method is then applied to multiple delamination cases. In the delaminated beam 
model, another delamination with equal length was created and the location in the 
through thickness direction is shown in Figure 5.10. The curvature profiles of the 
damaged beam containing two equal length delaminations and the undamaged beam 
at two different excitation frequencies are shown in Figure 5.11. For 3800 Hz case, at 
the intersection point, the slopes of curvature are found to be 
62.19 10dw
    for 
damaged beam and the shear force Qd is 4.22 N, which lead to the stiffness reduction 
ratio 0.45. The same approach is then applied to 600 Hz case and the resulting 
stiffness reduction ratio is 0.44.   
With respect to determining the distribution of delaminations for multiple 
delamination damage, a pragmatic approach to this inverse problem is to assume first 
a single delamination, and to search for the through-thickness location that gives the 
closest correlation to the stiffness reduction ratio. This approach was used in [106-
109]. In the present case, the closest match is obtained for a delamination at the fourth 
interface (or 12
th 
interface), for which the theoretical value of reduced stiffness is 0.43. 
The theoretical value of stiffness according to Equation 5.8 for these two 
delaminations is 0.426. It is clear that in the presence of measurement errors, it would 
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be difficult to differentiate convincingly between these various possible solutions. 
However it seems plausible that the simplest approach of assuming only one 
delamination may already provide a sufficiently accurate characterisation of the 
delamination for the purpose of assessing the residual strength. 
 
Figure 5.10 The location of two delaminations in through thickness direction 
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(b) 
Figure 5.11 Comparison of curvature profiles between undamaged beam and beam containing 
two equal length delaminations at (a) 3800 Hz (b) 600 Hz 
5.3 Experimental validation  
The proposed approach was also validated using experimental measured data for a 
beam specimen containing two equal length delaminations (type D). The details of the 
specimen can be found in Chapter 3. 
A baseline curvature profile for an undamaged beam was determined by using the 
measured deflection history as the boundary conditions. The modelling technique for 
the clamped boundary was detailed in Chapter 6.2. Figure 5.12 (a) shows the 
undamaged beam has same boundary condition with damaged beam at both ends. The 
slopes of the two profiles at their intersection point were found to be 
71.93 10dw
    for damaged beam and 80 8.54 10w
   for baseline model. The 
shear force ratio computed using Equation 5.7 was 1.045, which resulted in a stiffness 
reduction ratio 0.46.  The result is close to the value 0.45 from simulated data. 
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As discussed in Section 4.2.2, one can search for distributions of delamination that 
give the closest match to the measured stiffness reduction, by assuming in the first 
instance only one delamination, and then two delaminations, and so on. It is again 
readily verified that under the assumption of a single delamination, the best match is 
obtained for a delamination at the 4
th
 interface. 
 
(a) 
-6.E-04
-4.E-04
-2.E-04
0.E+00
2.E-04
4.E-04
6.E-04
0 50 100 150 200 250 300
D
e
fl
e
ct
io
n
  (
m
m
) 
Distance along beam (mm) 
delaminated beam
undamaged beam
Chapter 5 Analytical inverse method 
108 
 
 
(b) 
Figure 5.12  Experimentally measured responses compared with numerical baseline model at 
3800 Hz (a) Displacement profiles (b) Curvature profiles 
5.4 Conclusion 
A novel analytical approach to determining the stiffness reduction ratio for 
delamination damage has been developed in this chapter, and its validity and 
effectiveness were demonstrated using both numerical and experimental examples for 
beam structures. The stiffness reduction ratio in the delaminated region can be 
computed using slope ratio and shear force ratio, as shown in Equation 5.4. Since the 
shear force cannot be acquired from direct measurement in practice, an alternative 
approach is using other measurable parameters, such as displacement, to obtain shear 
force based on equilibrium equations. A limitation is that the shear force ratio can 
only be acquired for statically determinate structures. Finally, the location of 
delamination can be evaluated using a pragmatic approach according to the stiffness 
reduction ratio. 
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Chapter 6 Computational inverse methods  
 
 
This chapter presents two new inverse methods based on minimising difference 
between numerical predictions and experimental measurements. Two types of 
modelling techniques have been applied to represent delamination damage: a soft 
inclusion model and a delamination model. In the literature, the soft inclusion models 
was reported to fail to predict the behaviour of delamination subjected to static 
bending loads, however, the reason for this behaviour is unclear.  Here the issue is 
thoroughly studied and the equivalence condition between the soft inclusion model 
and the delamination model is presented. The results reveal that the deflection 
response is very sensitive to boundary conditions under high frequency vibration. In 
practice, the clamped end of the structure may experience certain level of unknown 
flexibility that renders conventional rigid clamp condition inappropriate. To overcome 
this problem, two novel boundary condition modelling techniques have been 
developed. The strategies of these two inverse methods have been detailed and both 
numerical and experimental evidences are presented.  
6.1 Structural modelling of delamination damage  
Extensive studies have been conducted in analytical and numerical modelling of a 
delaminated beam by other researchers [97]. With regards to finite element modelling 
there are two ways to represent delamination damage: the first one is known as the 
soft inclusion modelling technique, in which the delamination region is treated as a 
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region with reduced bending stiffness, as shown in Figure 6.1 (b), and the other one is 
called  the delamination modelling approach, in which the delamination is represented 
explicitly by changing the element connectivity between two adjacent layers; see 
Figure 6.1 (a). 
In the damaged region, the original structure splits into several sub-structures due to 
the presence of delamination damage, which results in a decrease in I (area moment of 
inertia) when the structure is subject to bending load. In the soft inclusion model, the 
reduced bending stiffness is represented by a decrease in material modulus. However, 
the details of delamination damage (the number of delaminations and through-
thickness location of each delamination) are not taken into consideration. 
For the delamination model, the geometrical features of delamination are constructed 
in the numerical model. As shown in Figure 6.1 (a), two sets of nodes at the 
delamination interface are separated and they are allowed to vibrate independently 
under dynamic loading conditions. The contact property can be applied to prevent 
elements inter-penetrating. The thickness of delamination is not taken into 
consideration and it can have zero thickness. 
 
 
 
 
(a) 
 
 
(b) 
Figure 6.1 Schematic plot of delamination model and soft inclusion model: (a) Delamination 
model (b) Soft inclusion model  
(EI)0 (EI)d 
Separate elements 
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6.2 Forward modelling techniques 
The inverse method is considered as solving the unknown parameters in the forward 
modelling technique. The possible best match between the numerical predications and 
experimental measurements is obtained by changing the constitutive properties or 
geometrical features in the numerical model. However, the correct solution can never 
be found if the forward modelling approach could not accurately predict the actual 
response of structures that contain damage. The forward modelling model is required 
to precisely represent the boundary condition of the structure either under static 
loading or dynamic loading. Therefore, it is worth mentioning how the forward 
modelling model is constructed here. 
In our experiment, as mentioned in Chapter 3, the cantilever beam set-up is applied 
since it is simple and convenient to implement experimentally, and it has often been 
used in previous works [41, 108-110]. However it is practically impossible to achieve 
experimentally the theoretical boundary conditions for a clamped end, since the 
vibrational response is very sensitive to the actual boundary conditions at the clamped 
end. This is illustrated in Figure 6.2, which shows that the experimental deflection 
profile differs significantly from the profile that is calculated by FE analysis if one 
assumes the theoretical clamped boundary conditions, which basically fix all the 
degrees of freedom for the nodes at the clamped end. Also it is noticed that the 
experimentally measured displacement response is not exactly zero near the fixed end.  
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Figure 6.2 Comparison between experimental measurements and the numerically predicted 
deflection profile for an undamaged specimen using traditional modelling techniques 
To circumvent this difficulty, two modified modelling techniques are developed in 
our study and detailed in the following sections. 
6.2.1 Elastic foundation approach 
The first approach is modelling the clamped end as an elastic foundation, and to 
determine the appropriate foundation elastic modulus by an inverse method aimed at 
achieving a good match between the calculated and measured profiles. For this 
purpose, the clamped end was modelled using two blocks as indicated in Figure 6.3, 
which also shows the boundary conditions used for these blocks. The top surface of 
the upper block and bottom surface of the lower block are fixed in z-direction. The 
nodes along two edges which are indicated by the red solid line are fixed in the x and 
z-directions and the mid-points on those two edges are fixed in the y-direction. The 
nodes at the interface between the block and the beam are forced to have the same 
displacement. These blocks had the same length (12 mm) as the clamping device used 
experimentally. The blocks can be regarded as providing an elastic foundation or 
spring connection for the beam. The foundation modulus was determined iteratively 
by varying the value of Young’s modulus for the blocks until the computed response 
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gave the closest match with the experimental response. This was achieved for a 
Young’s modulus of 2.2 GPa when the excitation frequency was 4 kHz. The resulting 
match is shown in Figure 6.4 (a).  
 
 
Figure 6.3 The FE model and boundary conditions used to represent the actual clamping device 
used in the experiment  
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(b) 
Figure 6.4 Comparison between experimental measurement and numerical predicted deflection 
profile for undamaged specimen using modified modelling technique at various excitation 
frequencies (a) 4 kHz (b) 6 kHz 
The same boundary condition at the clamped end is also retained for the damaged 
composite specimen. One example is given in Figure 6.5. The actual location of mid-
plane delamination was input into the delamination model and the proposed boundary 
condition was applied. The numerically predicted deflection profile has a good 
correlation with the experimental measurements at the same frequency. 
One limitation of this approach is that the appropriate elastic modulus of the blocks 
changes with loading frequency. Only example is shown in Figure 6.4 (b). The 
Young’s modulus of the block changes to 2.5 GPa when the excitation frequency is 6 
kHz. 
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Figure 6.5 Comparison between experimental measurement and numerically predicted deflection 
profile for specimen type B (containing mid-plane delamination) using modified modelling 
technique at 4 kHz 
6.2.2 Sub-structure modelling technique  
One alternative approach to overcome the problem is using the sub-structure 
modelling technique, which is normally applied when the computation cost for full 
structure model is too high. In the numerical model, only the effective length of beam 
is considered and the boundary conditions at the beam ends are obtained from the 
experimental measurement.  
The damage is assumed to be away from the clamped end. Instead of simulating the 
actual clamping boundary condition by fixing all degree of freedoms of nodes at 
clamped end, the experimentally measured values of deflection close to the clamped 
end are used as boundary conditions in the numerical model, as shown in Figure 6.6. 
In this approach, there is only one unknown parameter d, which is the necessary 
constrained length of beam. Here, d can be determined by iterative study.  
The philosophy is to minimise the difference between experimental measured with the 
numerical predicted displacement data by gradually increase the constrained length in 
the beam model. The difference is defined by a cost function, which has the form as:   
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2
0
{ ( ) ( )}
N
i i
i
x FE x Exp

                                               (6.1) 
where, δ indicates the sum of deflection difference between the numerical model and 
experimental measurements along the beam, xi denotes the deflection at i. 
 
 
 
 
 
 
Figure 6.6 Schematic plot of sub-structure modelling technique   
 
Here, the undamaged beam specimen was used as baseline to determine the 
constrained length and then the same length can be applied to damaged beam cases. In 
Figure 6.7, δ for undamaged beam specimen is plotted versus the constrained length 
from the clamped end. The deflection difference is gradually declining with 
increasing value of constrained length and the minimum value happens when the 
constrained distance (d) is equal to 36 mm. The resulting match for the undamaged 
structure is shown in Figure 6.8. 
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Figure 6.7 Deflection difference between numerical model and experimental measurement for the 
undamaged specimen at 4 kHz 
 
Figure 6.8 Comparison between experimental measurement and numerically predicted deflection 
profile for the undamaged specimen using sub-structure modelling technique 
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Furthermore, the proposed approach was validated using the experimental results of 
the beam specimen containing mid-plane delamination damage. The same length was 
constrained using experimental measurements in the delamination model and the 
numerical results are in close agreement with experimental measurements, see Figure 
6.9. It is worth to mention that the constrained distance (d) also varies with the 
excitation frequency.  
 
Figure 6.9 Comparison between experimental measurement and numerically predicted deflection 
profile for specimen type B (containing mid-plane delamination) using sub-structure modelling 
technique 
In summary, the conventional form of clamped boundary condition cannot correctly 
describe the actual experimental clamping at high excitation frequencies. Two 
approaches have been developed to solve this problem.  Both of them have shown the 
ability to provide precise prediction for deflection responses of both undamaged and 
damaged specimens, which makes the implementation of inverse method possible. 
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6.3 Computation inverse method using soft inclusion model 
6.3.1 Principle 
In this section, an inverse method is applied to determine the stiffness reduction in the 
delaminated region in which soft inclusion model is used to represent delamination 
damage. More specifically, the material properties in the damage region are reduced 
to simulate delamination damage and the structure is assumed continuous. The inverse 
procedure developed here is based on iteratively updating the material parameters in 
an FE model to achieve a good match between the numerically predicted and 
experimentally measured curvature data. This is achieved by minimising the 
difference between the numerical prediction and the experimental results.   
The cost function for this minimisation problem is: 
2
1
2
exp( ) { ( ) ( , )}
x
d FE d
x
f E w x w x E dx                                    (6.2) 
where Ed denotes the reduced property in the damaged region and x1, x2 are 
boundaries of the delamination damage region, which have been determined in the 
first step. 
In this study the damage region is assumed to have homogeneous material properties 
thus only one unknown parameter is required to be determined. Here the optimisation 
was accomplished by the SIMPLEX Algorithm, as implemented in the commercial 
software Mode-FRONTIER 4.4.2, which derives from the Downhill method. The 
damaged material property is constrained between 0 to the undamaged material 
property.  
After the bending stiffness ratio can be derived from reduced material property, the 
number of delaminations and the location in the through-thickness direction can be 
solved with the pragmatic approach mentioned in Chapter 4. 
6.3.2 Forward modelling issues 
As mentioned in Chapter 2, Kim et al. [17] reported that the soft inclusion model 
predicted a much lower stiffness reduction for mid-plane delamination damage and 
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also in the damaged region, the stress field of the soft inclusion model was 
significantly different compared to the delamination model under static bending. 
Numerical models were constructed here in order to compare the difference between 
the soft inclusion model and the delamination model. A mid-plane laminar crack was 
introduced in the delamination model and accordingly for the soft inclusion model the 
stiffness was reduced to 25% in the damage region. Therefore, the effective stiffness 
reduction was the same for these two models. Both models were made of isotropic 
material, the properties of which are listed in Table 6.1 and the dimensions of the 
beam structure were 268×20×3.36 mm, referring to Figure 6.10. Quadratic solid 
elements were used to construct the model with element size 1×1×0.42 mm thus there 
were 8 layers of elements in through-thickness direction. The beam was clamped to 
form a cantilever configuration and the beam was subjected to a static bending. The 
damage region was 30 mm long and located 150 mm away from the clamped end. The 
force applied at the loading end was 1.21 N. 
 
 
 
 
Figure 6.10 Schematic representation of beam model 
The curvature profiles were directly calculated using the central difference method 
from the computed displacement by the FE model; the results are shown in Figure 
6.11. For both modelling techniques, discontinuity of curvature profiles can be 
observed at the edges of delamination or damage. The slopes of curvature profiles are 
found to be identical after simple calculation. However, the curvature distributions are 
clearly different for those two models. 
The results confirm that the soft inclusion model does not represent the response of 
actual delamination damage under static bending. However, the reason for this 
difference is not clear. Furthermore, it is unknown whether the same occurs under 
other boundary conditions. For the purpose of better understanding of the limitations 
L=268 mm 
 150 mm 
 180 mm 
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of the soft inclusion modelling technique, an analytical study is presented in the next 
section. 
 
 
Table 6.1: Material properties used in numerical model 
E0 (MPa) Ed (MPa) ν (-) 
74000  18500  0.32 
  
 
 
Figure 6.11 Comparison between soft inclusion model and delamination model for equivalent 
stiffness reduction ratio 
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6.3.3 Equivalence condition between soft inclusion model and 
delamination model  
In this section, an analytical beam model containing single delamination damage is 
constructed to investigate the difference between the delaminated model and the soft 
inclusion model. To thoroughly study the problem, both static and dynamic loading 
conditions have been considered. The Euler-Bernoulli beam theory and shear force 
and moment equilibrium equations are used to solve the analytical model. 
Static loading condition 
The cantilever beam subjected to point loading case is considered in this part and the 
solution can also be extended to other boundary conditions. The beam is made of an 
isotropic material with Young’s modulus E. As can be seen in Figure 6.12, a single 
delamination is located at L1 distance from the clamped end and h3 from the bottom 
surface. 
 
 
 
 
 
Figure 6.12 Schematic representation of beam with a single delamination 
For a point load, there is no distributed loading over the beam and based on the Euler-
Bernoulli beam equation: 
( ) 0EIw x                                                          (6.3) 
Take an imaginary cut at the delaminated region; the static equilibrium equation can 
be employed to describe the relationships of axial force, shear force and moment. In 
Figure 6.13, V, M and N denote shear force, moment and axial load respectively, and 
the subscript i is used to differentiate different beam segments. 
 
h1 h4 
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L1 L2=L3 L4 
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 Figure 6.13 Section cut through the delaminated beam in the damaged region 
Since there is no external axial force, in the static equilibrium, the sum of axial loads 
should be zero, which is: 
2 3N N                                                            (6.4) 
The shear forces are related: 
2 3 1( ) ( ) ( )V x V x V x                                                  (6.5) 
And for moments: 
1
2 3 2( ) ( ) ( )
2
h
M x M x N M x                                      (6.6) 
Based on the Euler-Bernoulli beam equation 
( ) ( )EIw x M x                                                    (6.7) 
Therefore 
1
2 2 3 3 2( ) ( ) ( )
2
h
EI w EI w N M x                                     (6.8) 
2 2 3 3 ( )EI w EI w V x F                                          (6.9) 
The endpoints of the sub-laminates should be continuous, thus the delamination tip 
cross sections are assumed to remain planar after deformation, see Figure 6.14. For 
the sub-laminates in the delamination region, there is a coupling between the axial and 
transverse motion of the beam segments. 
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Figure 6.14 The face of the delamination remain planar after deformation  
 
 
 
 
 
 
Figure 6.15 Deformation of sub-laminates in the delamination region  
The deformation can be written as 
1 1
1 2( ) tan ( ) tan
2 2
h h
L                                               (6.10) 
Also, based on Hooke’s law, 
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2 2 3 3
2 3
( ) ( )
N L N L
L
Ebh Ebh
                                                (6.11) 
Here 
1
1
0
tan ( )
L
w M x dx C    , and C is a constant, so the axial force N2 can be 
written as: 
1 1 2
1 0 0
1 4
2
2 3
2 3
( ) ( )
( )( )
2
( )
L L L
M x dx M x dxh
K
EI EI
N
L L
Ebh Ebh

 


 
                         (6.12) 
where K is a constant yet to be determined. In order to solve the axial force N in the 
delamination region, the continuity of deflection and slope as well as other 
equilibrium equations can be used to solve all the coefficients. The details can be 
found in Herath’s work [111]. In the end, K is found to be equal to zero, so the 
expression of N2 can be simplified as: 
1 1 2
1 0 0
1 4
2
2 3
2 3
( ) ( )
( )( )
2
( )
L L L
M x dx M x dxh
EI EI
N
L L
Ebh Ebh




 
                            (6.13) 
Both beam segments 1 and 4 are undamaged regions, so EI1=EI4 and the axial force 
is simplified as 
1 2
1
2 ( )
L L
L
N M x dx

                                              (6.14) 
Where the coefficient 1 2 3
2 2 3
( )
2
h EA EA
L EA EA
 

.When N2=0, there is no axial force in the 
beam.  
One significant difference between the delamination model and soft inclusion is that 
the former contains in-plane forces. The significance of Eq. 6.14 is that it clarifies the 
important effect of in-plane forces in the delaminated beam on the equivalence 
between delamination and soft inclusion approaches. The dynamic loading condition 
is also considered before the conclusion is drawn. 
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Dynamic loading condition 
 
 
 
 
 
 
Figure 6.16 Schematic representation of beam with delamination damage 
The general equation of motion for i
th
 Euler-Bernoulli beam in free vibration is 
formulated as:   
4 2
4 2
0i ii i i
w w
EI A
x t

 
 
 
     i=1,…,4                                (6.15) 
The transverse displacement can be described in the frequency domain as 
( ) sin( )i iw t W t                                                     (6.16) 
where, ω is the angular speed of the excitation of the system, Wi is the amplitude of 
the displacement wi, and the subscript ‘i’ denotes the beam segment number.  
The general solution of the equation of motion can be written in the following form: 
( ) cos( ) sin( ) cosh( ) sinh( )i i i ii i i i i i i i i
i i i i
x x x x
W x A B C D
L L L L
             (6.17) 
here, Li is the beam segment length, and λi is the non-dimensional frequency of 
oscillation, which has the form 
2
4 4i i
i i
i
A
L
EI
 
                                                         (6.18) 
h1 h4 
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h3 
L1 L2=L3 L4 
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In order to obtain the solution for normal force N, similar to the static loading 
condition, the boundary conditions and continuity conditions can be used to solve the 
equilibrium equation.  
The boundary conditions depend on the type of end support and the classical 
boundary conditions can be applied in terms of displacement, slope, shear force and 
distributed force. 
To satisfy the compatibility of displacements and equilibrium of forces at the 
junctions between the integral and delamination regions, the conditions of continuity 
have to be applied at these junctions. 
Continuity of transverse displacements 
1 1L L
w w  ,
1 2 1 2L L L L
w w                                            (6.19) 
Continuity of normal slopes 
1 1L L
w w   ,
1 2 1 2L L L L
w w                                              (6.20) 
Continuity of shear forces 
2 3 1( ) ( ) ( )V x V x V x                                                (6.21) 
Continuity of bending moments 
1
2 2 3 3 2( ) ( ) ( )
2
h
EI w EI w N M x                                (6.22) 
Continuity of the axial displacements 
1 1 2 1 3 1( ) ( ) ( )
2
h
w L w L w L                                       (6.23) 
The normal force N2 has been fully derived in [88], and the format of the normal force 
can be written as 
2 1 1 4 1 3[ ( ) ( )]N w L w L L
                                        (6.24) 
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where, Ф has the same form with the one solved in static loading condition. The 
equation can be simplified as: 
1 2
1
2 ( )
L L
L
N M x dx

                                               (6.25) 
It is realised that the formulation of axial force under dynamic loading is the same 
with the expression under static loading condition. Based on this observation, a 
reasonable hypothesis can be made that when the axial force in the damage region is 
zero, which is equal to that the integral of moment over the damage region being zero, 
the delamination model is equivalent to the soft inclusion model. The equivalence 
condition can be mathematically expressed as: 
1 2
1
2 ( ) 0
L L
L
N M x dx

                                              (6.26) 
Both numerical and experimental examples will be presented below to verify the 
above hypothesis. 
Numerical example 
The delamination model and soft inclusion model described in section 6.3.2 are 
applied here and both static and dynamic loading conditions are illustrated 
respectively. 
Static loading conditions 
For the case that the beam structure is subjected to point loading, the distribution of 
moment over the beam can be described as  
( ) ( )M x F L x                                                     (6.27) 
To satisfy the condition in Eq. 6.26, the simplest way is to add another constant 
moment at the loading end, which leads to 21( ) 02
L
M L   , see Figure 6.17. As for 
the linear curve, the integration is zero when the value at the centre of interval is zero. 
Then the expression of moment along the beam is changed to 
( ) endM x Fx M                                               (6.28) 
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The value of constant moment at the free end can be obtained by simple calculation, 
which is 21( )
2
end
L
M F L  . The change of boundary conditions does not affect the 
formulation of axial force N in Equation 6.14. 
 
 
 
 
 
 
Figure 6.17 Schematic representation of a beam with a single delamination subject to a point load 
and moment  
Now the moment distribution along the beam is changed to  
2
1( ) ( )
2
L
M x F L x                                              (6.29) 
The curvature profiles on the top surface from these two modelling techniques are 
shown in Figure 6.18. These two curvature profiles are identical to each other under 
the modified boundary condition, which demonstrates the hypothesis under the static 
boundary condition. 
F 
L1 L2=L3 L4 
Mend 
h1 h4 
h2 
h3 
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Figure 6.18 Curvature profile of delamination model and soft inclusion model 
Dynamic loading condition 
The case is more complicated under dynamic loading conditions since the moment 
distribution over the damage region varies with the excitation frequency. Therefore, 
for dynamic loading conditions, the cantilever beam is subjected to periodic loading at 
the free end and the curvature profiles are shown for various excitation frequencies. 
Three various driving frequencies are selected and the curvature results are shown in 
Figure 6.19. At low frequency, the result is similar to that under static loading. 
Apparent differences can be observed in Figure 6.19 (a) for non-zero frequencies. 
However, when the zero crossing within the damage region happens to be located at 
the centre of the delamination region, see Figure 6.19 (b), the responses from the soft 
inclusion model and the delamination model are exactly the same. The reason is due 
to the fact that the integral of moment over the delamination region is zero. It is note 
that the result is sensitive to the condition in Figure 6.19 (c). When the zero crossing 
is offset from the centre, noticeable discrepancies can be found. 
Hence, the hypothesis is also verified under dynamic loading conditions. When the 
condition in Equation 6.26 is satisfied at certain frequencies, the soft inclusion model 
is able to represent the actual curvature response of delamination damage. 
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(c) 
Figure 6.19 Curvature plot of the delamination model and the soft inclusion model at various 
frequencies (a) 200 Hz (b) 600 Hz  (c) 1.5 kHz 
 
Experimental validation 
The hypothesis is also validated by experimental measurement on composite beam 
specimens containing a mid-plane delamination damage. The details of the specimen 
can be found in Chapter 3. For the delamination model, the actual size and location of 
delamination in the beam direction and through-thickness direction are input into the 
numerical model. For the soft inclusion model, the modulus E11 in the damage region 
was reduced to 30 GPa (25% of original modulus). For both modelling techniques, the 
sub-structure modelling method described in Section 6.2.2 was used to represent the 
actual boundary conditions. 
The numerically predicted curvature profiles are compared with experimental 
measurements at 4000 Hz, which is off-resonant frequency, in Figure 6.20. At certain 
frequencies, the zero crossing is close to the centre of damage region. In this case, the 
curvature profiles are in close correlation with each other, which confirming that the 
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soft inclusion model is equivalent to the delamination model when the equivalence 
condition is met. 
  
Figure 6.20 Comparison of curvature profiles and experimental results for the delamination 
model and the soft inclusion model at 4 kHz 
6.3.4 Selection of particular frequency and the sensitivity of zero 
crossing location 
The excitation frequency plays an important role in the ability of the soft inclusion 
model to represent delamination damage under dynamic loading conditions. Hence, 
the question needs to be addressed is how to determine the particular excitation 
frequencies in practice that satisfy the condition of the in-plane force being equal to 
zero. 
Based on previous results, curvature distribution in the delaminated region can be 
approximated to a linear curve. From beam theory, it is noted that the moment 
distribution is proportional to the curvature distribution for an isotropic beam 
structure. 
( ) ( )EIw x M x                                                 (6.30) 
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Thus, mathematically the integral of moment over the damage region is the area under 
the curve, which is shown by the red area in Figure 6.21. The zero crossing 
corresponds to the centre of the damage region. 
 
 
 
 
 
 
Figure 6.21 Schematic plot of integral of moment within the delaminated region 
 
Therefore, one way to obtain the equivalence frequencies is to monitor the curvature 
data of the damaged structure. Since the location and the size of damage have been 
determined and the centre of the damage region is known, the equivalence frequencies 
can be determined by exciting the damaged structure over a frequency range and 
identifying frequencies that result in zero crossing coinciding with the centre of the 
damaged region.  
Alternatively the curvature results from the undamaged structure can be used to 
acquire the equivalence frequencies. The condition is satisfied when a frequency can 
be found for which the zero crossing for the delaminated structure is the same as for 
the undamaged structure. The conclusion is validated numerically using the isotropic 
FE models described in section 6.3.2. In Figure 6.22 (a-c), locations of zero crossings 
for both the undamaged and the delaminated beams are plotted over various frequency 
ranges. It is noted that the intersection point of these two curves is always located 
close to the centre of the damage region. For instance, in Figure 6.22 (c), the 
intersection point indicates that the equivalence frequency is 3686 Hz. The curvature 
responses of soft inclusion model are indeed in a good agreement with delamination 
model, see Figure 6.23. 
Zero crossing 
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(c) 
Figure 6.22 The changing of zero crossing location with excitation frequency for the intact beam 
and the delamination beam at various frequencies ranges: (a) 500-800 Hz (b) 1500-2000 Hz (c) 
3200-4000 Hz 
 
Figure 6.23 Curvature profiles of soft inclusion model and delamination model at 3686 Hz 
(3686,165.47) 
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In practice, the equivalence frequencies determined using this method may be 
influenced by the experimental noise. Thus it is necessary to examine the robustness 
of the method with the presence of uncertainty of excitation frequency or the location 
of zero crossing. 
Here the same frequency range as shown in Figure 6.22 (c) is used to implement 
sensitivity analyses. The location of the zero crossing is varied by changing the 
excitation frequency, and for each frequency the stiffness reduction ratio can be 
computed using the inverse method. For ease of visualisation, the location of the zero 
crossing is normalized by the following equation: 
f centre
damage
x x
normalized location
l

                                           (6.31) 
where, xf is the location of zero crossing, xcentre denotes the centre of damage region 
and ldamage is the length of damage region. 
The change of stiffness ratio with the location of the zero crossing is shown in Figure 
6.24. The predicted stiffness reduction ratios for varying frequencies fluctuate slightly 
around the theoretical value (0.25) and the maximum error is less than 8%. Therefore, 
the proposed approach can tolerate noise in practical applications. Thus an accurate 
estimate of the stiffness can still be achieved even when the zero crossing of the 
curvature mode shape does not exactly coincide with the centre of the damage. This 
suggests the proposed approach is tolerant of the noise expected noise in practical 
applications.  
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Figure 6.24 Sensitivity of stiffness reduction ratio to the location of the zero crossing 
6.3.5 Experimental validation 
In this section, the feasibility of the inverse method using the soft inclusion model is 
validated using experimental measurements. In the numerical model, the sub-structure 
modelling technique described in Section 6.2 is applied to capture the experimental 
boundary conditions. 
For the single delamination case, experimentally measured deflection profiles for the 
beam specimen containing a mid-plane delamination is applied. The location of 
delamination in beam direction (x1 and x2) has been determined in Step 1. In the 
damage region, the bending stiffness is dominated by the material property along 
beam direction, thus in the soft inclusion model only E11 is used as a variable 
parameter. The search space for E11 is between 0 and 120 GPa (original Young’s 
modulus) at step size of 1 GPa. 
An optimisation routine to minimise the cost function defined by Equation 6.2 was 
implemented in Mode-frontier. The routine was found to converge after 34 iterations, 
returning a value of 30 GPa. The resultant curvature profiles are shown in Figure 6.20; 
a good match can be found between the predicted curve using soft inclusion model 
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and the curvature computed from actual measured data. The location of delamination 
in through-thickness direction can be determined using Figure 5.9 if one assumes 
there is only one delamination. 
For the case of multiple delaminations, experimentally measured deflection profiles 
for beam specimens of type D are used, which contain two equal length delaminations. 
The location of delaminations in the through-thickness direction can be found in 
Figure 5.10. Because of the smoothing procedure described in Chapter 3, the 
experimental curvature profile appears rounded close to the end points of the 
delaminations. To avoid having the search algorithm being unduly influenced by this 
difference, the interval of integration for the cost function was modified by excluding 
the data points coinciding with the end points x1, x2 determined in Step 1. With this 
modification, the search procedure yielded the reduced E11 = 53 GPa. The 
corresponding stiffness reduction ratio is 0.44. The curvature profile from soft 
inclusion mode is compared with experimental measurement in Figure 6.25. 
 
Figure 6.25 Comparison of curvature profiles between the experimental measurement and 
optimization result of the soft inclusion model 
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6.4 Computational inverse method using the delamination 
model  
6.4.1 Principle of the approach  
In this section, the delamination modelling technique is applied in the inverse 
procedure, with the overall aim being to determine the through-thickness locations 
and lengths of the delaminations. This involves constructing a finite-element (FE) 
model of a laminate that can accommodate delaminations of various lengths at the 
interfaces between the plies. A delamination is modelled by changing the element 
connectivity across an interface, to allow relative displacements between the nodes 
across that interface, but utilising the ‘hard contact’ option to prevent interpenetration 
of elements across the interface. An iterative process is used for varying the number 
and the lengths of the delaminations until good agreement is obtained between the 
curvature distribution predicted by the FE model and that determined in Step 1 from 
the experimental measurements. This procedure can be regarded as a multi-parameter 
optimization problem in which the objective is to minimise a cost function defined by  
2
1 2 1( , ,..., ) { ( ) ( , ,..., )}      
b
n Exp FE n
a
f w x w x dx                            (6.32) 
where ξn denotes the length of the delamination at the n
th
 interface, and a, b are 
suitably chosen end points. For simplicity, it has been assumed that the centre of each 
delamination coincides with the centre X0 (=(X1+X2)/2) of the overall damage, so that 
the delamination at the n
th
 interface extends between X0-ξn/2 to X0+ξn/2, as shown in 
Figure 6.26 (b), and ξn is constrained to be less than, or equal to, the overall damage 
length X2-X1.  
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(a) 
 
(b) 
Figure 6.26 Schematic plot showing (a) the experimental specimen and boundary conditions, and 
(b) the parameters used in the inverse method. 
In this research, the single delamination case is firstly studied and then the method is 
extended to accommodate multiple delaminations. For the single delamination case, 
the length was determined by the end points X1, X2 imported from Step 1, only one 
parameter needs to be determined: the interface number n that specifies the through-
thickness location. In practice, delamination damage can occur at multiple ply 
interfaces, with varying sizes. In the present work, this optimization was 
accomplished by the Multiple-objective Genetic Algorithm, as implemented in the 
commercial software Mode-FRONTIER 4.4.2, which uses a smart multi-search 
elitism to improve robustness and directional crossover for fast convergence.  
The output from Step 2 is a detailed characterisation of the delamination damage that 
can be used as an input for structural integrity assessments, i.e. calculation of the 
compressive residual strength as indicated in Figure 6.26, thereby completing the 
overall objective of obtaining a quantitative characterisation of delamination damage.  
12mm 
L=268mm 
 X1 
 X2 
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6.4.2 Single delamination case 
For the single delamination case, there is only one parameter to be solved in the 
inverse procedure, which is the location of delamination in the through thickness 
direction. The cost function shown in Eq. 6.32 can be simplified as: 
                                        (6.33) 
where denotes the normalised depth. Since the parameter space (the possible 
location of delamination) is limited, a comprehensive search is feasible. 
Numerical examples 
In this section, a numerical model of a composite beam containing mid-plane 
delamination is constructed and its results are utilized as ‘virtual experimental data’ 
for the purpose of demonstrating the feasibly of the proposed method. 
An FE model was developed with 3D continuum shell element in ABAQUS based on 
a steady-state direct solution approach. The dimension of the model was 268×20×3.6 
mm and the laminate stacking sequence was [0, 90]4s. Each ply had one element in the 
through-thickness direction and the element length along the beam direction was 2 
mm. The material properties of the composite plies are listed in Table 3.1. A mid-
plane delamination was inserted in the region between 130 mm to 160 mm from the 
clamped end. A structural damping factor 0.015 was used in the model. A 
displacement boundary condition, 0.001 mm displacement at 4 kHz, was employed to 
at the other end to produce the response of a forced vibration. 
Figure 6.27 shows the variation of the cost function in Eq. 6.33. For comparison, the 
cost function based on deflection is also displayed. It can be seen that both curves are 
quite similar, symmetrical to the mid-plane and exhibited a well-defined global 
minimum when the delamination location coincides with the actual position, between 
the 8
th
 and 9
th
 ply, in the numerical model. Therefore the inverse approach is equally 
effective if the cost function involves the deflection instead of curvature.  
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Figure 6.27 Variation of deflection and curvature based cost functions vs. delamination depth 
 
Experimental examples 
In this section, the inverse method is applied to experimental measurements of beam 
specimen type B and C, as detailed in Chapter 3. Type B specimen contained mid-
plane delamination damage and type C specimens had a single near surface 
delamination. 
As discussed in Section 6.2, the experimental measurements were very sensitive to the 
actual boundary conditions and in order to accurately model the clamped end, the sub-
structure modelling technique was adopted. 
Figure 6.28 shows the variation of the cost function for beam specimen containing 
mid-plane delamination damage, based on deflection and curvature profiles 
respectively. It can be seen that both curves are also quite similar, and exhibit a clear 
global minimum when the delamination is assumed to lie between the 7th and 8th ply, 
which coincides with the actual location of the delamination in the specimen. 
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Figure 6.28 Variation of deflection and curvature based cost functions vs. delamination depth for 
specimen type B 
The variation of cost function for the near surface delamination case is shown in 
Figure 6.29. In this beam specimen, the delamination was inserted at the 4
th
 interface 
while in the predicted result there were two minima symmetrical about the mid-plane. 
It indicates the delamination can be located at two possible locations in the through-
thickness direction near either surface of the specimen. From the residual strength 
viewpoint, either solution is acceptable since both give the same reduction in 
compressive strength.  
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Figure 6.29 Variation of  curvature based cost functions vs. delamination depth for specimen 
type C 
6.4.3 Multiple delamination cases 
In practice, low velocity impact damage normally induces multiple delaminations in 
the through-thickness direction. The multiple delamination case is more complicated 
than the single delamination case since there are more unknown parameters to be 
determined, i.e. both the length and the through-thickness locations of the 
delaminations are unknown. The optimisation routine contains multiple input 
variables with advanced searching algorithm and the cost function shown in Equation 
6.32 is applied. In this section, both numerical and experimental examples are 
demonstrated to show the viability of the proposed approach. 
Numerical examples 
Here, the experimental measurements are replaced by the numerical simulated data to 
substantiate the inverse method. The composite beam model with the same dimension 
and boundary condition as the one described in single delamination section was used. 
However, in the damage region, there are multiple delaminations in laminate 
thickness. In the first case, a composite beam containing two equal length 
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delaminations was investigated. As shown in Figure 5.10, these two delaminations 
were located in the 2
nd
 and 4
th
 interfaces, respectively. The cantilever beam was also 
excited at 4.0 kHz and the displacement responses on the top surface were used as 
‘virtual experimental measurement’ in the inverse process.  
For the inverse solution, the searched numerical model had the same dimensions and 
boundary condition as the virtual test model. To reduce the computational burden but 
still demonstrate the procedure, it was assumed that delaminations can only exist at 
five out of the fifteen interfaces in the inverse model; i.e. for n=2, 4, 6, 10, 12 and the 
possible length n  of the delamination at the interface n was assumed to vary in steps 
of 1 mm, corresponding to the element size of the FE mesh. 
To reduce the search space, initially it was assumed the maximum length of 
delamination n  was 30 mm. An optimisation routine to minimise the cost function 
defined by Equation 6.32 was implemented in Mode-Frontier. The routine was found 
to converge after 43 iterations, returning the values shown in Table 6.2. One iteration 
cost around 2 mins in a laptop computer. These values correspond exactly to the 
actual values in the virtual test, thereby demonstrating the feasibility of the proposed 
method. 
Table 6.2: Optimisation results for two equal length delaminations (search 
interval between 150 and 180 mm) 
Interface 
Length of delamination (mm) 
Experimental specimen Optimisation result 
n=2 30  30 
n=4 30 30 
n=6 0 0 
n=10 0 0 
n=12 0 0 
 
Furthermore, for the purpose of evaluating the robustness of the approach, the search 
interval was expanded from 30 mm to 40 mm, which was between 145 mm and 185 
mm. The reason to make the search interval slightly larger is that the damage location 
determined in Step 1 might be affected by measurement noise in practice. The routine 
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was found to converge after 2245 iterations, which was expected due to the larger 
search space. The returned values are shown in Table 6.3, which are the same as those 
obtained from the search over limited space. The result confirms the robustness of the 
proposed approach. 
  
Table 6.3: Optimisation result for two equal length delaminations (search 
interval between 140 and 190 mm) 
Interface 
Length of delamination (mm) 
Experimental specimen Optimisation result 
n=2 30  30 
n=4 30 30 
n=6 0 0 
n=10 0 0 
n=12 0 0 
 
In the second case, the composite beam containing two different length delaminations 
was studied. As shown in Figure 6.30, there was one 10 mm delamination located at 
the 2
nd
 ply interface and another 30 mm delamination located at the 4
th
 interface. 
In the optimisation routine, it was assumed that the delaminations could only exist at  
five interfaces. The search interval was set to range between 150 mm and 180 mm, 
which corresponded to the edges of the longer delamination. The routine was found to 
converge after 748 iterations and the returned values are shown in Table 6.4. These 
values are exactly the same as the actual values presented in Figure 6.30, which 
verifies that the method is viable to varying length delamination cases. 
These three cases show that the inverse method based on delamination model is able 
to ascertain the detailed information of delamination damage. For more complex 
damage configuration and/or larger searching spacing, much more computation is 
required to solve the inverse problem.   
Chapter 6 Computational inverse methods 
148 
 
 
Figure 6.30 The through thickness locations of two various lengths delaminations  
 
Table 6.4: Optimisation result for two various length delaminations (interval 150 
to 180 mm) 
Interface 
Length of delamination (mm) 
Experimental specimen Optimisation result 
n=2 10 10 
n=4 30 30 
n=6 0 0 
n=10 0 0 
n=12 0 0 
 
Experimental validation 
To determine the implementation and performance of the inverse method, it was 
assumed, (as in Section 6.4.3 numerical examples), that delaminations could only 
occur on 5 of the 15 interfaces, i.e. for n=2, 4, 6, 10, 12, and the length of the 
delaminations was allowed to vary in steps of 1 mm corresponding to the element size 
for the FE model. Because of the smoothing procedure described in Chapter 3, the 
curvature data close to the ends of delaminations were smoothed. To overcome this 
problem, the interval of search algorithm was modified, as described in section 6.3.5. 
With this modification, the search procedure was found to converge after 130 
iterations, yielding the results shown in Table 6.5. Here again, as for the case of 
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simulated data, the inverse method was able to recover accurately the correct 
distribution and length of the delaminations. 
Table 6.5: Optimisation result for experimental specimen 
Interface 
Length of delamination (mm) 
Experimental specimen Optimization result 
n=2 30  30 
n=4 30 30 
n=6 0 0 
n=10 0 0 
n=12 0 0 
  
6.5 Conclusions 
Two inverse methods have been developed for characterising delamination damage. 
The following conclusions can be drawn: 
It has been found that the conventional modelling technique cannot accurately 
represent the actual experimental boundary condition. The problem has been 
overcome by applying two novel modelling approaches, the elastic foundation 
approach and the sub-structure modelling approach. 
It has been proven analytically that the soft inclusion model can be applied to quantify 
delamination damage when the in-plane force over damage region is zero, which in 
turn occurs when the integral of the bending moment over the damaged region is zero. 
This condition is satisfied under certain specific dynamic loading conditions when the 
zero crossing of the curvature is approximately half way across the damage region. By 
using this equivalence condition, the appropriate excitation frequency needed for the 
inverse solutions can be found. 
Inverse methods using soft inclusions can be applied to estimate the reduced material 
properties in the damage region, from which the bending stiffness reduction ratio can 
be derived. The number of delaminations and the through-thickness locations of 
delaminations can be determined using this new approach. 
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The inverse method using the delamination model has also been developed to 
determine the number of delaminations and the length of each delamination by using 
an advanced search algorithm. The validity and the range of applicability of this 
approach have been demonstrated using limited search space (the potential number of 
interfaces containing delaminations). However, for damage with complex 
delaminations, such as induced by impact damage, this method would only be able to 
determine the effective flexural stiffness, rather than the individual delaminations. 
Nevertheless, this may provide sufficient information for the assessment of residual 
strength. 
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This chapter presents an extension of the previously developed two-step approach to 
plate-like structures. Vibration-based damage detection methods for beam-like 
structures have been widely studied but only few studies have been reported to 
demonstrate the application to plate-like structures. There is also lack of study on 
damage quantification in composite structures. In this chapter the two-step approach 
is extended to handle two-dimensional structures, like plates. Initially, a 2-D 
continuous wavelet transform is applied to locate and size delamination damage. In 
the next step an analytical inverse method is used to determine the flexural stiffness 
reduction ratio along a given direction. The proposed approach is validated using 
virtual test data in Section 7.2, and experimental measurements in Section 7.3.   
7.1 Theoretical principles 
7.1.1 Background 
In previous Chapters, curvature data have been used to locate the boundaries of 
delamination damage in beam-like structures since they are more sensitive to small 
damage. Curvature, w , is the second derivative of displacement data, w, which is 
unique and can be computed by 2 2/w x  . However, for a two-dimensional plate, the 
second derivatives of the displacement profile are directional, consisting of 2 2/w x  , 
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2 /w x y    and 2 2/w y  . Figure 7.1 shows an example of three curvature 
components of a displacement profile. It is noticed that singularities in each curvature 
profile are only sensitive to damage in certain directions. Therefore, in order to obtain 
the overall shape of the damage region, the directionality of the curvature component 
needs to be taken into consideration.  
  
 
                                          (a)                                                                         (b) 
 
                                             (c)                                                                        (d) 
Figure 7.1 Deflection profile of a 2-D plate and the corresponding curvature profiles: (a) 
deflection profile (b) xxw (c) xyw (d) yyw  
For a composite laminate, plies are stacked together at various angles to meet stiffness 
and strength requirements along multiple directions. As a consequence, the stiffness 
of the laminate varies with orientations and the variation depends mainly upon the 
stacking sequence. Several methods [112] based on laminate theory have been 
developed to calculate the elastic properties of a composite with a given lay-up. One 
preliminary estimation approach is using the efficiency factor [113], which describes 
the total contributions from each lay at the angle θ. The value of the efficiency factors 
x y 
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 for several groups of stacking sequence are shown in Figure 7.2, which are 
computed by 
4cosna                                                  (7.1) 
where an is the proportion of total fibre content and θ is the angle of fibres.  The 
modulus of a ply is related to the basic moduli of the fibres and matrix, 
(1 )c f f m fE E V E V                                      (7.2) 
here Ef  and Em are the modulus of the fibre and matrix, respectively, and Vf denotes 
fibre volume fraction. 
The modulus variation for the plate specimen used in this study is shown in Figure 7.3. 
It is noticed the cross-ply composite plate has a much lower modulus at 45
0
 compared 
with other directions. 
 
Figure 7.2 Values of the Krenchel efficiency factor for various fibre groupings [112] 
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Figure 7.3 Prediction of tensile modulus using efficiency factor method 
 
7.1.2 Step 1: Damage localization with 2D continuous wavelet 
transform  
The damage detection and localization approaches in plates using wavelet transforms 
can be classified into two different approaches. The first approach is to extend one 
dimensional wavelet transform into the x- and y-directions separately and then 
combine the wavelet coefficients [63, 67]. These methods are still one dimensional in 
nature and the diagonal features are neglected which may impair the accuracy in 
damage localization. The second set of methods directly applies a 2D wavelet to 
obtain the modulus and the angle of wavelet coefficients. Recently Fan and Qiao [14] 
presented a continuous wavelet transform based damage detection algorithm in plate-
like structures using the “Dergauss2d” wavelet. Their study reported, an improved 
performance in noise immunity and ability to work with limited sensor data compared 
with the 2-D gapped smoothing method [48] and the 2-D strain energy method [75]. 
Therefore, the 2-D continuous wavelet transform will be applied in Step 1 to locate 
and size delamination damage in plate-like structures. 
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The 1-D wavelet transform has been introduced in Chapter 4. Similar to the 1-D 
wavelet, the 2-D wavelet is defined as  
, ,
1
( , ) ( , )u v s
x u y v
x y
s s s
 
 
                              (7.3) 
where u and v are the translation parameters in the x and y-directions, respectively and 
( , )x y is the mother wavelet. 
For plate-like structures, another rotational parameter is introduced 
 , ,
1
( , ) ( , )u v s
x u y v
x y
s s s
 
  
                             (7.4) 
here 
'
'
cos sin
( )
sin cos
xx
yy
 
 
   
      
                             (7.5) 
The 2-D wavelet transform of a function f(x) has the form  
1
( , , , ) ( , ) ( , )
x u y v
Wf u v s f x y dxdy
s s s
 
 
 
  
       (7.6) 
The original form of Gaussian function is 
2 20 1 ( )( , ) ( / 2) x yg x y e                               (7.7) 
It has been mentioned that the directly measured displacement profile is not sensitive 
to small damage and thus curvature profile, which is the second derivative of the 
displacement profile, is used previously to locate the damage in beam-like structures. 
However, for plate-like structures, the derivative of displacement profile depends 
upon direction: the surface curvature includes components such as
2 2/w x  , 
2 2/w y  and 2 /w x y   . Since the wavelet transform is the convolution between the 
wavelet function and the input signal, it has the form 
( )
i i i
f g
f g g f
x x x
  
    
  
                                (7.8) 
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where g and f  are differentiable.  
Instead of calculating the derivatives of input signal, an alternative way is to compute 
the derivative of the wavelet function. The differentiation of the Gaussian wavelet can 
be written as 
, 0( , ) ( , )
m n
m n
m n
g x y g x y
x y


 
                             (7.9) 
For , ( , )m ng x y , a set of 2-D wavelet can be expressed as 
, ,
, ,
1
( , ) ( , )m n m nu v s
x u y v
g x y g
s s s
 
                        (7.10) 
In terms of locating damage in plate-like structures, the parameters m=n=2 have the 
best performance according to the systematic study by Qiao and Cao [14]. 
7.1.3 Step 2: Damage quantification  
In order to reduce the computational burden, the analytical inverse method described 
in Chapter 4 for beam-like structures, is extended to plate-like structures. 
 
Figure 7.4 Schematic plot of cantilever plate  
A rectangular cantilever plate is illustrated in Figure 7.4. The governing partial 
differential equation for bending of the plate is  
q 
x 
y 
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4 4 4
4 2 2 4
2x y
w w w
D H D q
x x y y
  
  
   
                                (7.11) 
where w is the out-of-plane displacement, Dx and Dy are the bending stiffnesses along 
x- and y-directions respectively and 2 12 2x xy y xyH D D D D      denotes the 
effective torsional rigidity. 
The internal moments and forces of the plate can be represented as 
2 2
22 2x x x
W W
M D D
x y

  
   
  
                                (7.12) 
2 2
12 2y y y
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M D D
y x
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                                 (7.13) 
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                               (7.16) 
here, Mx, My, Qx and Qy are bending moments and shear forces.  
It is noticed that the shear force component in x-direction Qx is related to the bending 
stiffness in x-direction Dx and also the coupled component H. In order to get rid of the 
effect of coupled bending stiffness in other directions a symmetrical loading condition 
is applied, as shown in Figure 7.4. Under this loading condition the curvature value in 
y-direction 2 2/w y   is negligible compared to the curvature value in x-direction 
2 2/w x  .Equation 7.15 can then be simplified as 
3
3x x
w
Q D
x

 

                                               (7.17) 
Then information from the undamaged structure can be used as a baseline to compute 
the stiffness reduction ratio at x-direction 
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                                     (7.18) 
where subscript 0 indicates the undamaged structure and subscript d denotes the 
damaged structure, and w  indicates the third derivative of displacement. 
The slope ratio can be obtained from the experimental measurements and the shear 
force ratio can be acquired using the equilibrium equation described in Chapter 5 for 
statically determinate structures. 
In this study, only single delamination damage is taken into consideration. With the 
stiffness reduction ratio obtained from one direction, the through-thickness location 
can be determined. 
 
7.2 Numerical example 
7.2.1 Numerical model description 
In this section, extension of the two-step approach to plate-like structures is illustrated 
using simulated data, obtained from FE analysis. A delaminated plate model is 
constructed in the commercial FE package Abaqus. The dimensions of the plate are 
280×140×3.36 mm, as shown in Figure 7.6 (a). The model is divided into 16 layers 
with a stacking sequence [0, 90]4s. The layers are modelled as an orthotropic material 
and material properties shown in Table 6.1. Quadratic 3-D solid elements of size 2×2 
mm are used to build the model and each layer has one element in through-thickness 
direction. The delamination damage has a square shape with an angle 45
0
 to x-axis, 
which is created by changing element connectivity; see Figure 7.6 (b). The model is 
analysed with a cantilever boundary condition applied, as shown in Figure 7.5. 
Periodic load is used to excite the free edge of the plate. 
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Figure 7.5 Schematic plot of the boundary condition used in the numerical model  
 
(a) 
 
(b) 
Figure 7.6 Schematic plot of composite plate containing a square delamination: (a) top view of 
whole plate and (b) enlarged view of damage region  
Clamped end  
Load   
x 
y 
x 
y 
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7.2.2 Damage localization using 2-D continuous wavelet transform 
The deflection profile obtained from the numerical analysis then can be processed by 
the 2-D continuous wavelet transform mentioned in section 7.1.2. Here, the deflection 
profile at 8400 Hz, which is shown in Figure 7.7, is used as an example to show the 
viability of the method. 
 
Figure 7.7 Deflection profile of damaged plate at 8400 Hz 
Corresponding to the displacement at each node, the deflection profile is represented 
as a 2-D spatial matrix, which contains 141 rows and 71 columns. The spatial 
resolution of wavelet coefficients decreases with increasing the number of scales, 
which is caused by the smoothing and down-sampling process. In order to further 
improve the spatial resolution, 2-D cubic interpolation can be applied. Here, the 
process is realised using a built-in 2-D interpolation function in Matlab. The spatial 
resolution is then enhanced from 2 mm to 0.4 mm. 
The 2-D Dergauss wavelet is implemented in Matlab using the YAW (Yet Another 
Wavelet) toolbox developed by Jacques et al. [68, 114]. As mentioned in the 
theoretical section, the 2-D wavelet transform can be conducted for various scales (s) 
and directions (θ). Here, θ is defined as the angle with x-axis. In this study, as 
cantilever configuration is applied, the irregularities caused by the damage are more 
obvious when θ=0. Hence, in this work, θ is fixed to 0. 
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The numerical errors will be amplified in the differentiation process. Thus, the finest 
scale is not the best option for detecting the singularities. Here, s=5 is applied and the 
results for both original deflection profile and interpolated profile are shown in Figure 
7.8. Both of them have successfully located the damage using peak values in 
coefficient plot. For the deflection data with the enhanced spatial resolution, the size 
and shape of the delamination damage can be obtained.  
 
(a) 
 
(b) 
Figure 7.8 2-D continuous wavelet coefficients of the deflection profile (s=5): (a) using original 
deflection profile (b) using interpolated data 
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7.2.3 Damage quantification 
The next step is to quantify the severity of delamination damage. As mentioned in the 
theoretical section, a baseline undamaged plate model is required. Here, an 
undamaged numerical model with the same geometrical dimensions and loading 
conditions is constructed. 
To calculate the stiffness reduction along x-direction, two components are required 
based on Equation 7.18, which are the slope ratio and the shear force ratio. To obtain 
the slope ratio, firstly, the partial differential function in Matlab (
w
x


) is applied twice 
to obtain the curvature profiles along x-direction ( xxw ) for both the undamaged and 
the damaged model, as are shown in Figure 7.9. The irregularities in the curvature 
profile in Figure 7.9 (b) caused by the delamination damage can be clearly observed. 
For single delamination damage, the stiffness reduction ratio is the same for curvature 
profiles at any y-values within the damage region. 
In the y-direction, the delamination damage is located between 40 mm to 60 mm. 
Here, the curvature profiles at y=48 mm are used as an example, which are shown in 
Figure 7.10. These two curvature profiles intersect at x=140 mm. The slope ratio at 
the intersection point can be easily acquired by differentiation, in which 0.2152u
d
w
w



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(b) 
Figure 7.9 Curvature profiles xxw  for undamaged and damaged structures at 8.4 kHz: (a) 
undamaged structure (b) damaged structure  
 
 
Figure 7.10 Curvature profiles of undamaged and damaged structures at y=48 mm 
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As discussed in Chapter 4, the shear force ratio here can be computed using Equation 
4.7. For this case 
( )
( )
1.122
x d
x u
Q
Q
 , which leads to the stiffness reduction ratio in x- 
direction 
( )
( )
0.243
x d
x u
D
D
 . 
As mentioned in Chapter 4, one can search the distributions of delamination that give 
the best agreement with the stiffness reduction, by assuming there is one delamination, 
and two delaminations, and so on. Here, by assuming there is one delamination, the 
best match can be obtained when the delamination is at the mid-plane. The remaining 
stiffness in other directions can also be predicted since the stiffness reduction ratio is 
the same for this case. 
7.3 Experimental validation  
In this section, the experimentally obtained deflection profile from a Scanning Laser 
Vibrometer (SLV) is processed by the proposed two-step approach. The details of the 
plate specimen and experimental setup can be found in Chapter 3. 
The experimentally measured displacement profile can be found in Figure 6.20. There 
are 7021 uniformly distributed scanning points on the plate specimen in total, with 59 
points in width direction and 119 points in length direction. The spatial distance is 2.2 
mm, which is then enhanced to 1 mm by cubic interpolation process described in the 
numerical section. Then 2-D continuous wavelet transform is applied to the 
oversampled data. The strength of the useful signal is relatively good, due to the high 
accuracy of the SLV, thus the damage pattern can be clearly distinguished from the 
background noise when the scale is 3, see Figure 7.11. Some irregularities appear 
close to the right edge of the plate. The reason might be that it is close to the area 
where the shaker head is attached. 
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Figure 7.11 Wavelet coefficients for experimentally measured deflection data 
In the next step, an undamaged plate model is constructed and used as the baseline for 
damage quantification. The curvatures for the undamaged model and the 
experimentally measured data at the location indicated by the red dash line in Figure 
7.11 are shown in Figure 7.12. The curvature profile for the experimental 
measurements is computed using a Savitzky-Golay (SG) filter, which use 5 points to 
smooth the data. The slopes of these two profiles at the intersection point are found to 
be 
88.21 10dw
   m-2 and 80 2.97 10w
  m-2. The shear force ratio is ( )
(0)
0.9
x d
x
Q
Q
 , 
which leads to the stiffness reduction ratio 0.32. The through-thickness location of the 
delamination can be determined by Figure 4.9, which shows the stiffness reduction 
ratio for varying location of single delamination and it is found that the location is 
close to the mid-plane. 
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Figure 7.12 Curvature profile of experimental measurement and undamaged numerical model  
7.4 Conclusions 
In this chapter, the two-step approach previously developed for beam-like structures 
has been successfully extended to plate-like structures. Both numerical and 
experimental examples have been applied to demonstrate the viability of the proposed 
approach for cantilever composite plates containing single delamination damage. In 
the first step, both the location and the shape of the damage are obtained using peak 
values of the 2-D continuous wavelet transform coefficients. It has also been found 
that the resolution of the damage shape can be enhanced by interpolating the 
measured displacement profile. In the next step, the stiffness reduction ratio in the 
damaged region is determined by the analytical inverse method, from which the 
number and through thickness locations of delaminations can be estimated. The 
presented damage quantification algorithm is derived from the 1-D inverse method 
and for now can only be applied to cantilever boundary conditions. Further studies are 
required to develop a 2-D algorithm which can be used to evaluate the variation of 
stiffness reduction in actual impact damage region.   
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Chapter 8 Conclusions and recommendations 
 
The proceeding chapters have demonstrated the application of a novel two-step 
approach, which can be applied to detect, locate and quantify the severity of 
delamination damage, in both beam-like and plate-like structures. This chapter draws 
conclusions from this research and also offers recommendations for future research. 
8.1 Conclusions 
Impact damage may severely impair the strength of composite materials. It can cause 
a combination of damage types which include delamination, matrix cracking and fibre 
fracture. In this thesis, the focus is placed on delamination damage. A novel two-step 
approach to quantify the extent of delamination damage in composite structures has 
been presented and demonstrated for both simulated and experimental data. In the 
first step, the endpoints of delamination are detected by curvature-based baseline-free 
methods, such as the gapped smoothing method and the continuous wavelet transform 
method. In the second step, two types of inverse methods, the analytical method and 
the computation based method, have been developed and demonstrated to determine 
the distributions of delamination damage or bending stiffness reduction in a 
delaminated region. 
In the first step, curvature data are used to locate the damage by means of signal 
processing algorithms, such as the wavelet transform and gapped smoothing method. 
Curvature is more sensitive to the existence of small damage compared with 
displacement data. It has been found that the experimentally measured deflection data 
generally required some form of smoothing prior to numerical differentiation to 
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obtain curvature data. This smoothing was achieved by using the Savitsky-Golay filter 
or the discrete wavelet transform. The appropriate smoothing level was determined 
based on signal to noise ratio. 
The accuracy of the damage location depends on the distance between measurement 
points. A linear correlation has been found based on numerical study. The numerical 
study has shown the accuracy (∆x) of damage location is proportionally related to the 
selected step size. In practice, the proper step size can be selected according to the 
required precision.  
The limitation for damage detection using single frequency excitation has been 
pointed out. Numerical examples showed that the irregularities caused by 
delamination damage are negligible when the delamination is located in a region 
where shear force is very low. Hence, broadband excitation is suggested in order to 
increase the confidence. 
A novel analytical inverse method has been developed which does not rely on 
expensive computation. The results reveal that theoretically the bending stiffness 
reduction in the delaminated region depends on both the shear force ratio and the 
slope ratio. An alternative approach to compute shear force ratio using displacement 
data has been illustrated and isotropic numerical models have been applied to 
demonstrate the viability of the proposed approach. As discussed in Chapter 5, the 
possible distributions of delaminations can be estimated using a pragmatic approach, 
by assuming firstly one delamination, then two and so on. 
The other type of inverse methods was developed based on matching numerical 
predictions with the experimentally measured deflection or curvature profile. Two 
numerical modelling techniques have been examined; the soft inclusion model and the 
delamination model. It was firstly found that the soft inclusion model can accurately 
represent delamination damage when the in-plane force over the damage region is 
zero, which in turn occurs when the integral of the bending moment over the damaged 
region is zero. In practice this condition might not be exactly satisfied. The sensitivity 
study revealed that reasonable result can still be obtained when the zero crossing is 
close to, rather exactly at, the centre of the damage region.  
Chapter 8 Conclusions and recommendations 
169 
 
For the inverse method employing delamination model, the number of delaminations 
and through-thickness locations of each delamination can be determined within a 
limited search space (the potential number of interfaces containing delaminations).   
In the experimental example, it was found the vibration responses are very sensitive to 
boundary conditions, which increases the difficulty to create a forward numerical 
model which can precisely represent the actual responses of the specimen. Two novel 
modelling approaches have been developed to solve the problem, one uses the 
experimentally measured displacement as a new boundary condition in the numerical 
model and the other one explicitly models the clamp using isotropic material blocks in 
the numerical model.  
Finally, the two-step approach was extended to plate-like structures. 2-D continuous 
wavelet transforms can successfully obtain the damage shape. The magnitude of the 
damage is characterised by the analytical inverse method. 
8.2 Recommendations for future work 
The current research paves some foundation for the application of a two-step 
approach in plate-like structures. However, it is necessary to conduct more 
investigations on plate-like structures containing multiple delaminations. In practice, 
delaminations caused by impact damage have complex patterns and distributions. It is 
worth to study whether the current method could successfully locate and size the 
damage.  
Low velocity impact damage induces various damage modes which include fibre 
breakage, delamination, matrix cracking, etc. The current work has mainly 
investigated the delamination damage mode. Possible future work should consider 
multiple damage modes in order to accurately predict the residual strength in the 
impact damage zone. In the inverse method point of view, the mixed damage modes 
may require both the soft inclusion model and the delamination model to represent 
various types of damage. A comparative study can be conducted to evaluate the 
performance of the mixed modelling technique. 
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Current experiments are conducted under laboratory conditions and thus the 
environmental noise can be neglected. For applications in in-situ in their environment, 
the influence of environment noise has to be taken into consideration.  
This study paves a foundation for further development of in-situ damage 
characterisation techniques. The ultimate objective is to predict remaining life of 
composite components in aircraft. Hopefully this objective will be achieved in the 
near future with other researchers’ continuous effort in this field.    
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